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PREFACE.

Tue following Lectures are the result of many
years’ experience in instructing British youth,
of both sexes, in the invaluable science of Arith-
metic. They have been repeatedly read by the
Author with considerable success in 6ne of the first
finishing Establishments in the Metropolis.

1. NumeraTioN and NOTATION are so ex-
plained, that they have merely to be read with
attention to be clearly understood ; the pupil will
thereby be enabled to read or write the highest

" numbers with considerable ease. At the end of

this section (Lecture I.), a diagram is given,
showing the comparative magnitudes of numbers,
from one to one million inclusive.

2. AppiTioN. In this rule a method is recom-
mended, by which much time may be saved in
finding the amount of any collection of integral
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numbers. In adding, we always commence at the
column of units, and proceed. step by step to those
columns that stand in higher positions; but, to
show that it is of no consequence where we begin,
nor where we end, an example of three columns is
given, the amount of which is found in six different
ways. The proof by casting out the nines, re-
commended by Dr.Wallis, is shown to be a fallible
method of ascertaining whether sums are cor-
rect.

3. SusTracTiON. Here several Methods are
given, and the reason for carrying 1 to the next
figure in the lower line when we add 10 to the
preceding upper one. Two Methods of Proof are
given and explained.

4. MuvrtipLicATION. Under this head a Cir-
cular Table is given as high as 24 times 12, as well
as simple rules, whereby a young pupil may acquire
this grand engine of all calculations in one-third
of the usual time : indeed, 9, 10, 11, and 12 times
may be learned in one hour, provided the pupil
can add and subtract with facility; then follow
the various methods of multiplying by the same
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number, and the advantages that may be taken in
multiplying by particular numbers, with several
Methods of Proof.

6. DivisioN. The advantages that may be
taken with some divisors explained. The different
_ways in which the component parts of a divisor may
be employed, the method of finding the true re-
mainder, and reasons for the same. Long
Division, the greatest difficulty which the young
arithmetician has to encounter, it is presumed, is
explained in so simple a manner, that half the
usual time employed in this part of Division will
be sufficient fowhim to acquire a complete know-
ledge of it.
. The Author does not scruple to say that the
various methods of Adding, Subtracting, Multi-
plying, and Dividing, with their several proofs,
will be found worthy the attention of those whe
wish to be made thoroughly acquainted, not only
with the numerous ways in which numbers may be
employed to produce the same effect, but also with
the reason for every step in each process. '

6. -SEQUEL TO MvuLTIPLICATION AND Di-
visioN, wWiTH Proors or DivisioN. Here
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numerous abridgments, hoth in Multiplication and
Division, are introduced, which could not, with
any degree of propriety, have been shown before.
This part of the Work will require the most undi-
vided attention on the part of the pupil, and will
call forth his reasoning powers in their full force;
an exercise, it will be acknowledged, that must be
attended with the most beneficial effects, and may
be the means of giving him a habit of thinking
which will be of use to him in after-life : that it
may do so, is the highest aim of the Author.

The proofs in Division.are numerous.

The Multiplication and Division by mixed Num-
" bers are fully explained. -

In aschool or family, a Lecture read occasionally
by a competent person would be attended with
considerable advantage.

In the ArPENDIX the most simple and expe-
ditious methods are given for calculating mentally ;
by a little attention to which, it will be nodifficult
matter to examine common accounts, tradesmen’s

bills, &ec.



vii.
Should this Introduction to the Science of Arith-
metic meet with encouragement, the Public may,

at some future period, expect a similar elucidation
of the higher branches of the science.

WILLIAM RUSSELL.

27, Earl Street East, Lisson Grove.
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The-Greeks were, therefore, the first among the’
Europeans who reduced Arithmetic to any thing likea
system, They used all the letters of their alphabet to

denote numbers.
The Romans followed the same method without

confining themselves to the use of their alphabet in the
regular order, as the Greeks did. Some traces of
their system are still extant, since we see on almost all
our clocks, and some of our watches, as well as on
the chapters of our invaluable bible, the characters
which they used in their numeral notation.

About 200 years after the birth of our blessed
Saviour, Claxdius Ptolemeus invented sexagesimal nu-
meration, which is that in which every unit is divided
into sixty equal parts, which are again subdivided into
sixty other equal parts, &c. and whose whole numbers
are reckoned from one to sixty. The traces of this
mode of numeration are still observable in the division
of hours into sixty minutes, and again of these-into
sixty seconds.

+ The Arabs afterwards introduced the figures which
we now use in our calculations; yet, such is the pre.
vailing predominance of custom, that, notwithstanding
the superiority of their system, its substitution to sex-
agesimal numeration was very gradual. .

Archimides, of Syracuse, celebrated: for his skill
in mathematics and mechanics, invented a eurious
scale of notation, which he employed in calculating the
number of the sands.

As I have told you in the introductory part of my
. Companion to every Treatise on Arithmetic,” John of
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Basingstoke, archdeacon of Leicester, introduced the
present mode of numeral notation about the middle of
the eleventh century; he received it from the Moors,
who brought it into Spain ; they had it from the Arabs;
and the Arabs had it from the Indians.

Arithmetic, however, needs not the assistance of
distant authority or ancient history to recommend it;
it requires not the aid of remote ages to point out its
value, nor the help of refined modern philosophy to
give it lustre; the universal consent of mankind is of
itgelf sufficient to convince us that we cannot employ
our time in the cultivation of a science which is in itself
more generally useful.

In such a commercial country as Great Britain,
Arithmetic certainly claims the highest attention:
without a competentpracticalknowledge of this science,
the merchant could not carry on business to any great
extent with any degree of exactness., The business of
the state demands a thorough knowledge of it, in almost
all its branches ; and there is no situation in life that
does not call in the aid of this superior science: our
very domestic concerns require at least a smattering of
it. Addison says that ¢ numbers are so much the
measure of every thing that is valuable, that it is not
possible to demonstrate the success of any action, or
the prudence of any undertaking, without them.”
Besides, it is a science upon which many of the others
absolutely depend. It is the key to all the treasures
of mathematics, astronomy, and natural philosophy.

- For by Arithmetic, the Geometer calculates the
ratios and several dimensions of magnitudes and

.
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figures ; the Astronomer determines the precise times of
eclipses and other celestial phenomena ; the Navigator
discovers. his exact place in the extensive expanse of
water, the ocean, and the course and distance to his
wished-for port; the Surveyor makes out the quantity
of land in his surrounded tract ; the Merchant regulates
his various profits and exchanges, &c.; the Usurer
settles his rates per cent.; and the useful Mschanic
and Labourer come at the balance of their small pit-
tance. What science, then, so extensively useful as
Arithmetic !

An eminent. philosopher* informs us that, when
scientifically treated, it need not fear a comparison
with her more favoured sistet Gleometry, either in pre-
cigion of ideas, in clearness or correctness of demon-
stration, in practical utility, or in the beautiful deduc-~ -
tion of the most interésting truths. .

The advantages of Arithmetic were, perhaps,
never better stated than by Pr. Johnson, in one of his.
letters to Miss Susan Thralg:—* Nothing amuses.
more harmlessly,” says he, ‘“than computation; and
nothing is more applicable to real business, and to spe--
culative inquiries. A thousand stories which the igno-
rant tell, and helieve, die away at once, when the com-
putist takes them in his.gripe. Numerical enquiries,
my dearest girl, will give yon entertainment in solitude
by the practice, and reputation in public by the effect.”

Sir Josiah Child, in his celebrated. treatise on.
trade, enumerates the following circumstance that takes

* Walker.
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place in general in Holland amongst the causes that
render that country rich and flourishing :—* the edu-
cation of their children, as well daughters as sons, all
which,” adds he, ‘be they ever so great in quality or
estate, they always take care to bring up to write good
hands, and to have the full knowledge of anthmetu
and merokunts’ accounts.”

- 4t 1 almost universally known, however, that
the fundarhentnl rules of this interesting science is ge-
nerally taught in so flimsy a way as neither to engage
the attention, nor stimulate the ingenuity, of the youth-
ful inquirer, while the field of pleasing and profitable
discovery 1o which they naturally and directly lead, has
been too. often left unexplored.

Young people in general, from the whim or pre-
judice which any of their acquaintance may have,
(which, by the bye, is nothing short of sheer indolence
and a determination to learn only those .things which
give them least trouble,) never learn any thing well.
Example is-exceedingly powerful either in good or evil ;
wwd, when pupils are allowed to have their own idle
inclimations gratified, it has a wonderful effect on others
who witness it.

The teacher, however, who slowly and delibe-
rately explains the nature and more immediate appli-
cation of the rules upon which the higher and more
iutricate, as well as the most simple arithmetical ope-
rations depend, certainly performs his duty faithfully,
and leaves it, without doubt, the fault of the pupils if
they do not make rapid advances, as well as gain a
rational knowledge of the science,
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Surely nothing can. be . more .degrading to- the
good sense and judgment of those pupils, who, under
an able master, do not, at least, acquire a desire to tra-
verse the beauteous fields of science, where they are .
alwayssure to be fully paid foreverylittleadvance which

. they may make, and where additional beauties arise on
every side ; and nothing more galling to the conscien-
tious instructor, than that his pupils should lend a deaf
ear to his instructions, and that, after all his -best-
schemed exertions, they should not have the desired
effect. L

Unless a powerful principle of curiosity, and, I

might almost say, enthusiasm, be possessed and dis-
played by the pupil, the fond hope of the parent or
teacher will almost always be disappointed.

Some pupils, of a voluntary disposition, climb the
highest heights of literature, and. their steady adhe-
rence to their studies depends not upon the persuasion
of another. Others, again, of an involuntary turn,
either have no inclination at all, or get others to do for
them, what a very little exertion on their own part
would put in their possession. The oné class of pupils
receive every thing as a task, the other as a pleasure.
The involuntary pupils avoid the points that are diffi-
cult, while those very difficulties conquered by the vo-
luntary pupils render the impressions lasting, and suc-
ceeding difficulties are thereby more easily surmounted.

The education of youth, says an eminent essayist,*
is of such vast importance, and of such singulat usein

* Watts.
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the scene of life, that it visibly carries its own recom-
mendation along with it ; for on it, in a great measure,
depend all that we hope to be ; every perfection thata
generous and well-disposed mind would gladly arrive
at. It is this that stamps the distinction of mankind,
and renders one person preferable to another ; is almost
the very capacity of doing well; and remarkably
-adorns every point of life.

Let not prejudice, therefore, take possession of
your young minds; let no part of education be neg-
lected ; grasp at every opportunity of receiving infor-
mation. Surely, if the proper use of the voice, the
fingers, and the feet, be not considered beneath the at-
tention of the rising generation, the acquisition of
those branches that tend to exert the judgment, and
ezpand the mind, claim superior attention.

I wish not to be understood as decrying the high
accomplishments of music, dancing, and drawing, &c.
for these are elegant refinements, and very good in their
place, but certainly stand but second to the acqulre-
ments of the mind.

Before Arithmetic was collected into any thing
like a regular system, every teacher arranged the rules
in the cjphering-book of each pupil in a manner pecu.
liar to his own taste; and, to this very day, prejudice
in the way of arrangement obliges many to adopt this
very plan, which is not only very troublesome to the
master that has many pupils, but exceedingly unpro.
fitable to the pupils themselves. All of us know by
experience, that what we write leaves a more indelible,
impression upon the mind than what we read ; there-
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fore, I think that all pupils should themselves write
fair copy of every sum they do; and it would add te the
advantage gained by such a method, if they would ex-
amine them step by step as they write them.*
There is nothing more common than for. some
jpupils, at the commencement of a fresh rule, to imagine
.it quite insurmonntable without elucidation on the past
of the master; to such, I would recommend, first, &
icaneful :perusal of the mile before them ; then, shauld
they meet with any thing beyond their comprehensiom, it
s the part of the master torender them every pssistanoe.
"¢« It is astonishing what difficelties. may he. icon-
quextd by a willing mind. Ferguson, the astzoromer,
wmerely by unwearied application, attained the grentest
eminence in the beautiful science of asironowy,
James Crickton,t commonly called th¢ admirable
Crichton, wes also a most extraordinary character;
heis said to have run through the circle of the sciences
by the time he was twenty ; and was them master of
the twelve following languages, viz. Hebrew, Syriac,
Arabic, Greek, Latin, Spanish, French, Italian, English,

* Hamilton, the elocutionist, says that the most expeditious me-
thod of getting any thing by heart is, first to write a small portion of
it, and afterwards reading it twice or three.times over wil generally *
be sufficient ; then another small portion, getting it in the same way,
and so on. Writing it out in this manner seems like outlining a
picture, and reading it carefully, the finishing part, Cobbett, in a
Grammar of the English Language, which he has lately published,
tells us, that when he was learning the French language, he first
wrote each lesson neatly from beginning to end, and should he have
committed a single blunder, he would burnit, and commence another.

+ He was eruelly butchered by his own pupil, Vincentio de Gan-~
zaga, son of the duke of Mantua.
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Dutch, Flemish, and Sclavonian. His attainments
almost exceeded credibility: he disputed in foreign
universities ‘with the most learned professors, and came
off victorious, In this case, we see the effects of per-
severance, and at 80 early an age : how great a prodigy!

An astonishing instance of undivided attention to
study is exemplified in that of Dr. Nicholas Saun-
derson, who, although blind from his infancy, had a
strong and vigorous mind, and so retentive a memory,
that he acquired a perfect acquaintance with the dead

“languages, and, by hearing Euclid and Archimedes
frequently read to him in Greek, became one of the
most celebrated mathematicians: he, at length, was
elected professor of mathematics in the university of
Cambridge. What may not genius, united with perse-
verance, effect! How industrious, then, should we be
‘who have the use of all our faculties | theeyeis, certainly,
themost importantorgan in the pursuit of knowledge ; it
furnishes by far the largest, and, at the same time, the
most splendid share of sensible ideas. With thé full
vigour of this superior organ, we have every advantage
on our side: without it, we are obliged to have the as-
siduous assistance of others. Such was Dr. Saunder-
son’s case; yet, independently of this, he rose to thy
highest pitch of excellence, and that in the most diffi-
cult paths of literature !

Let us, therefore, strive to learn every thing that
is useful and ornamental, and let us learn every thing
well. John de Witt, an eminent Dutch statesman, was

~ grand pensionary of Holland, and executed the multi-

tudinous business of the state, with the greatest ap-
B2
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parent ease : this is very easily to be accounted for,
as he did but one thing at a time, and that one well. .
‘It is the disposition of some, that, in whatever
points of learning they are most at a loss, these are the
points which they almost always wave : this, however,
is a very wrong plan ; and, by persisting in it, no degree
of eminence, in any branch of education, canbe attained.

As I have already said, whatever you find ob-
scure in your studies, carefully endeavour to decipher
by yourselves ;™ and, should you not be able to meet
with entire satisfaction from your own exertions, then
apply for help; say what part or parts you do not un-
derstand ; then will your instructors cheerfully give you
every assistance.

But do not rest satisfied in that you are able,
‘by given rules, to solve the exercises which follow: ex-
amine them sentence by sentence, take nothing for
~ granted, and, that you may thoroughly understand all
you do, let reason be your guide in every step. This
is not only. the way to gain a complete knowledge of
what you pursue, but the very best means of retaining
it for ever after. :

It will be my endeavour, in the ensuing divisions
of the science, that every operation, and each step of
every operation, be prefaced with the removal of every
difficulty that can possibly occur ; and I do not despair
that even those, who, comparatively speaking, know
nothing of arithmetic, or may be disgusted by its un-
explained difficulties, will, by proper attention on their
part, acquire a taste for following it up to its highest
branches with increased pleasure, .
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CHAPTER II.
LECTURE I.

AriTHMETIC is both a science and an art. As a
science, it explains the properties of numbers: as an
art, it teaches the method of computing by them,

1t is one of those inventions, of which we often en-
joy the advantages, without duly estimating their
importance. Ingenious, yet simple, and highly use-
ful, it is so familiar to us from our childhood, that it
fails of exciting our admiration.

It is, however, not a matter of surprise that those
who have not been taught it scientifically, should find
no pleasure in the complex parts of it.

The rules upon which all its operations depend, are
Numeration and Notation, Addition, Subtraction, Mul-
tiplication, and Division. In all calculations, some,
and sometimes all, of these rules are necessarily em-
ployed. '

NvuuEeraTioN is the method of reading, and No-
TATION that of writing, numbers.

The following characters were used by the Romans
to designate their numbers and perform their calcula-
tions,—viz.
one, five, ten, fifty, hundred, five hundred, thousand.

L. V. X, L C. D. M.

Although it would be no- difficult matter for a yery
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young accountant to multiply 1964 by 507, agreeably
to our notation; Yyet the same thing performed by the
Roman notation, which is MDCCCCLXIV. multiplied
by DVIL. might puzzle even the hoary-headed veteran
in the field of science. How vastly superior, then, is
the mode by which we perform our calculations!

The Greeks, as I have already hinted in the Intro-
duction, employed a notation, not unlike the Roman ;
yet it is truly wonderful how their -mathematicians
conquered the difficulties which they had to encounter
in their arithmetical calculations; while we are aware
that they were engaged in some of a very tedious and
complicated nature,

When we examine the basis of the Arabic, or pre-
sent European notation, it becomes a matter of
amazement that the invention was not discovered at a
much earlier period.

It proceeds upon a principle exceedingly simple and
easy. The supposed reason for 10 being employed as
the scale in our excellent notation, arises from the
natural circumstance of our fingers; they being the
readiest instruments to assist in reckoning.*

# « Nature,” says the learned Goguet, *“ has provided us with
a kind of arithmetical instrument, more generally used than is com-
monly imagined: I mean our fingers. Every thing inclines us to
think that these were the first mathematical instruments used by
man to assist him in the practice of numeration. Proteus, in Homer, -
counts his sea-calves by five and five ; that is, by his fingers.” Aad
Mr, Locke tells us that  the Tououpinambos, certain American
Indians, had no names for numbers above five : any number beyond
that they made out by shewing their fingers, and the fingers of
others that were present.”
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What is more common than for young arithmeti-
cians, while engaged in simple addition, to count over
the kalf-gamtit.of our notation, (if I may be allowed
the expression,) one by one, from thumb to little
finger; slowly indeed at first, but afterwards, from
practice, enabled to run over it with a rapidity excel-
1ed only by the motion of the fingers in stopping the
notes in a quick movement on a musical instrument.

The Indians of the East, the supposed inventors of
this system, are, to this day, exceedingly expert in
calculating by their fingers.*

This method should, however, be avoided; for it is,
to say the least of it, allowing the fingers to usurp the
empire of the judgment.

The characters which we employ in our notation are,
cipher, one, two, three, four, five, six, seven, eight, nine,

o 1 2 3 4 5 6 7 8 9

These figures, it is evident, increase in a progression
of ones from the cipher, and may, with no impropriety,

¢ In the year 1811, I was invited to an examination of one of
the first public schools in Edinburgh, where the youth of both sexes
are at the same time instructed in writing and arithmetic.

The master asked me to examine one of the classes, with regard to
their proficiency in arithmetic: they were young ladies, and cer-
tainly performed their several calculations with a rapidity that
commanded admiration. They, however, had previously practised
each rule for aconsiderable time before the examination. Although
this could reflect very little discredit on their part, yet I had reason
to find fault with them for their strict adherence to the Indian me-
thod, namely, that of counting their fingers; which they certainly
did with a velocity almost beyond description. - '
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be termed the Numerical Alphabet: for, as mo-word
can be formed without a letter, or a combination of
letters, so no number can be represented ‘but by one or
more of the above characters.

The vowels, with their combinations, have each a
particular power in regulating the sounds which we
wish to represent in language, and are therefore the
scale of pronunciation. In like manner the cipher,
combined with the other characters of the numerical
alphabet, may be made to represent any number what-
ever. :

It is plain that, unless we employ some check on our
numeration, we will be apt to lose our reckoning as we
advance. What, then, is the most obvious method of
securing accuracy in our calculation? Is it not to
count by some fixed number, beyond which we shall
not proceed?

In the scale of music, we have G, A, B,C, D, E,
and F; and then proceed to G, A, B, C, D, E, and F,
again, which are precisely the same as the first, with
this.difference —that each of the latter is just an octave
higher than the former.. Music is therefore reckoned
by octaves, in the same way as we reckon by tens.in
Arithmetic; for, we first proceed from 1 to 10; then
from one 10 to ten tens, or 100, &c. Now, ten units
are but 1, in the place of tens; and 100 units make
but 10 in the place of tens, and 1 in the place of hun-
dreds. This increase by ten is, therefore, the check
which we have in reckoning; for, as I have -already
said, ten units make one ten; ten tens make one hun-
dred ; and ten hundreds make one thpupand, &ec.
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How easy, then, in this case, to reckon any number,
even of the greatest magnitude!

Yet, although beginners easily comceive what is
meant by 2, 3, or 4, they may have no distinct idea of
two or three hundred; and one thousand pebbles
placed in ‘a row would to them be a very tiresome task
to reckon, one by one: but, should they be arranged,
first in rows each containing ten, there would be one
hundred such rows; and these again arranged in ten
rows, each containing ten tens, the whole number of
pebbles would, even by them, be very easily reckoned.
Thus, by classing numbers in this way, agreeably to
the scale of our numeration, every difficulty is at once
removed.

Every figure has two values: first, its real or per-
manent value ; secondly, its local or changeable value.
Thus, 5 standing alone signifies five units, which is its
real or permanent value; but, if any figure be put on
the right of it, it instantly becomes ten times 8, or 50;
place another on its right, and it is thereby ten times
50, or one hundred times 5, which are 500: this is its
local or changeable value. From this it is evident that
a figure standing singly, or on the right of others, sig-
nifies 80 many units; in the second place, so many
tens; in the third place, so many hundreds; and in the
fourth place, so many thousands, &c.

The cipher has no value of its own, but, placed on
the right of any number, it increases the other in a
tenfold proportion; and neither increases nor dimi-
nishes a number by being placed on its left,
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Thus 8 = eight units or ones;
80 = eight tens, or eighty units ;
800 = eight hundred, or eighty tens;
and 08 = no tens, and eight units;
008 = no tens, no hundreds, and eight units.

It is evident, then, in this case, that a cipher, placed
in the right of any number, ‘increases it in a tenfold
proportion, and twoe ciphers annexed increase it a
hundred-fold, &c.; but, ciphers placed on the left of
integers, neither increase nor diminish them. Figures,
therefore, increase in a ten-fold proportion from right
to left, and decrease in the same proportion from left
to right.

The following rule will be found of use in reading
any number:—First, divide the number into periods of
six figures each from the right, by means of a perpen.
dicular line, and these again into half-periods with a
comma.

The figure on the right of each division, whether -
period or half-period, represents so many hundreds;

the second, so many tens; and the third, so many
-units of the class wherein they are situated; which

will be very clearly seen from the following scheme:
Trillions.  Billions.  Millions. Units.
| 678,943 | 678,943 | 678,943 | 678,943

Here the 9, which is the first on the right of the
division in the first half-period, is 9 hundred; 4 is 4
tens, or 40, and 3 is 3 units; then the 6, which is the -
first on the right of the whole period, is 6 hundred, but
these are 600 thousand; 7 is 70 thousand, and 8 is 8
thousand, &c.
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From this it is evident that, in every whole-period,
you have so many units, tens, hundreds, thousands,
tens of thousands, and hundreds of thousands. Thus,
in the first you have 678 thousand, 943 units; in the
second you have 678 thousand, 943 millions; in the
third, 678 thousand, 943 billions ; and in the fourth,
678 thousand, 943 trillions. Here it may be observed,
that each period in any number is repeated in precisely
the same manner, with this difference, that, at the end
of each, the period to which it belongs is repeated.

There is no definite number of periods in figures,
but seldom more than the following,—namely, units,
millions, billions, trillions, quadrillions, quintillions,
sextillions, septillions, octillions, nonillions, and de-
cillions.

Norarioxn, which is the next part of this section,
and which is the method of writing a number, may be
easily managed by the following rule:—Put down a
cipher for every place which the number contains ;
then put each significant figure in its proper position,
by rubbing out the cipher which occupies its place.
Thus, suppose it were required to write sevea thousand
million, three hundred and twenty-one thousand, and
fifty-six; you then write down a cipher for each step
in this number, till you come to thousands of millions,
in the following manner: ,

th. of m, h. of m, t.of m, m. h. of th. t. of th, th. h. t. u.
0 0 0 0 0 0 0000
7,0 0 0] 3 2 1,056
. Nothing can be more simple than this method of
expressing a number; another example is, therefore,
6
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unnecessary. But, since there is a difficulty in.the
apprehension of very high numbers, it may not be
superfluous to shew you the value of million,. billion,
trillion, and quadrillion.

Suppose a person were engaged in counting sove-
reigns, and counted a hundred in a minute, continuing
at it twelve hours each day, it would be .13 days, 10
hours, 40 minutes, before a million could be counted.

A thousand persons, in counting a billion, would be
38 years, 18 days, 10 hours, 40 minutes, in doing it. :

If we suppose the whole population of England
and Wales, which at present is 9500,000 souls,
to. be employed in counting a trillion, they could
not perform it in less than 4005 years, 163 days, 3
hours, 38 minutes; which is just 1 year, 163 days,
3 hours, 38 minutes, more than the time which elapsed
from the Creation of the World to the commencement
of the Christian era.

If the whole of the inhabitants of Europe, Asia,
Africa, and America, Australasia, Polynesia, and the
Isles of the Pacific Ocean, amounting to 700500,000
human beings, were employed in counting a quadril-
lion, they would be employed no less than 54320,842
years, 291 days, 6 hours, 28 minutes; and, for an
individual to count even the number of years which
they would take to reckon a quadrillion, he could not
do it in less than 2 years, 24 days, 5 hours, 28
minutes. '

In fact, it is only by such calculations as the above
that we can have any conception of numbers so im-
mense! :
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The relative magnitudes of numbers, from 1 to one
million inclusive, are clearly exhibited to the eye in
the following Diagram.

From what has been said on Numeration and Nota-
tion, it is obvious that there is at least as great a
simplicity in reading and writing numbers, as there is
in reading and writing monosyllables: yet how few,
even of those who are supposed to have finished their,
numerical studies, know even these, the first two ne-
cessary steps, and which are the most simple parts of
Arithmetic! '

It certainly does not argue greater ignorance in
writing o, n, e, for ten, than it does in writing 0, 1, for
10. Yet I was very much surprised lately, in opening
a Hymn-book in church, which belonged to a seem-
ingly respectable and accomplished person, with the
Roman characters obliterated by a pencil, and the
Arabian numerals written underneath; and, what was
still more astonishing, from the 100th Hymn, 1001,
1002, 1003, &c. were invariably written, instead of
101,102, 103, &c. Now, the least acquaintance with
the part of the subject which we have just finished,
would have prevented so glaring a display of igno-
rance in numbers,
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CHAPTER II1.

LECTURE II.

SiMpPLE ADDITION is the method of collecting two,
or more, integral numbers into one sum.

Rule,—First arrange the several numbers in such a
way, that digits of the same name may stand perpen-
dicularly to each other: that is, units under units,-
tens under tens, and hundreds wnder hundreds, &c. ;
then draw a line under them, and first add the units’
place, setting down the right-hand figure of the sum,
and carrying the left-hand figure or figures to the
next superior place, which is the tens column; then
find the amount of this second column, setting down
the right-hand figure of the sum, and carrying the left
to the next superior place, as before; and so on with
all the other columns, observing to set down the full
amount of the last.

Setting down the right-hand figure and carrying the
Ieft, is precisely the same as carrying one for every
ten, and setting down the remainder, as the common
rule directs. Let us add

738

964

¢ 638
and 596 together;

The sum is 2936. Here the amount of the units’
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place is 26 = 2 tens and 6 uxits: you, therefore, set
down the 6 units under the units’ columa, and carry:
the 2 tens to the place of tens. In the same manner
you proceed with the amonnt of the tens, which is 23 -
= 2 hundreds and 3 tens : you, therefore, place the 3
tens under the tens’ column, and carry the 2 hundreds
to.the position. of hundreds. Lastly, the amount of
the last. column. i8:29, which you. set down in full,

You should, while adding the columns, endeavour
ta.spend the least possible time. It is unnecessary, in
the first column of the above example, to say, 6 and 8.
are 14; 14and 4 are 18; and 18 and 8 are 26, Here
there is a very great waste of words, and consequently
of time ;. for it requires noless assistance than twenty-
one. syllables to find the sym of four figures. t

And to say, 6 and 8 are 14, and 4 are 18, and 8 are
26; requires less time, there being but seventeen syl-
lables. employed. But it may be added in a much
shorter period than either of the above methods; by
simply. telling, at each step, the amount that every
. additional digit makes, without naming the digit which
praduces such amount, thus, 6, 14, 18, 26. This is
done in eight syllables, '

Adding one column by the first method, would very.
nearly occupy as much time as three columns of the
same length would by the last method; and adding
one column by the second method, would require more
than twice the time by the last inethod.

The last methog shounid, therefore, have a decided
preference to either of the other two; as it gives less
troyble,—is more easily performed,—is. less bewilder-
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ing to the young learner, and does not hinder the
rapid flight of the more advanced ; besndes, it is more
elegant.

. In Addition, as you have seen in the foregomg ex-.
ample, you take the sum of the digits in the right. .
hand column, or place of units; proceeding in the
same manner with each succeeding column to the left,
obserying to set down the full amount of the last, or
left-hand column.

- ‘Although this method is certainly the ‘most expedi-
- tious way of adding integers, yet there is. no absolute

necessity for commencing at' the right, or place of

units, and proceeding to the left, or highest place. It -
is of no consequence where you begin, or where you
"end ; only.great care must be taken, when you do not
© proceed ‘from right to left, to give the sum of each co-
lumn its proper name and place.

Suppose,- contrary to the usual way, we commence
in the above example at the left, and proceed toward
the right, the amount then of the first column is 27 ;
but, as this sum is the amount of the third position, it
is therefore 27 hundreds, or 2 thousand 7 hundred;
the amount of the next is 21 = 21 tens, or 210; and
the sum of the last is 26 units. Here, then, we have

" first, 2,700
then 210
and lastly 26, the sum of which
is 2936.as before. And,
as a proof that it is of no consequence ‘whatever where
we .begin our addition, we have but to arrange the
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above sums in any way we choose, or in all the ways
that it is possible to place three different things, and:
we shall find equal results. Thus—

2700 2700 210
1) 210 (2) 2 (3) 2700
26 210 26

2936 2936 2036

210 26 26

(4) 26 (5 2700 (6) 210
2700 210 2700
2936 2936 2936

— s eoe—

It perhaps may appear more clearly to the eye in
the following form,—namely, to omit the ciphers;
putting down only the amount of each column immedi-
ately below itself. Thus

738 738 738

(1) 964 (2) 964 (3) 964

638 638 638

596 596 596

27 21 ' 26
) | 7 21
26 26 27

2936 2936 2936 &c.

——— —— Gty g
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Now we see that, by every different way that it is
possible to invent, we have precisely the same results.
The inference, then, that we derive from this is, that
it neither signifies where we begin nor where we end;
but, as proceeding from right to left saves us the
trouble of writing down the intrinsic amount of each
column separately, and afterwards finding their
amount, as we have done in the above cases, as well
as being better adapted for the combination of the se-
veral columns as we proceed, it is certainly preferable
to any other method. This is all that is necessary to

~be said on.adding simple numbers.

. -Proof.—Dr. Wallis gives the following rule to
prove whether the total of two or more integral num-
bers be correct :—* Add the figures in the uppermost
row together, reject the nines contained in their sum,
and set the excess directly even with the figures in the
row. Do the same with each row, and set all the ex- .
cesses of nine together in a line, and find their sum.
Then, if the excess of nines in this sum (found as be-
fore) be equal to the excess of nines in the total sum,
the work is right.”

Proof by the above Rule.

738 . . 0

964 . . 1 .
638 . . 8V Remainders after

596 . . 2{ rejectingthenines.

2936 . . 27Proof.

— —
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The excess of nines in the first row is 0; in the se-
cond, 1; in the third, 8; and in the fourth, 2; the
-amount of these excesses is 11, and the excess above
nine in 11 is 2; and we find the excess of nines in the
total (2936) to be 2 also. This is the proof of the cor-
rectness of the total, agreeably to the rule.

But, with due deference to the superior talent of
Dr. Wallis, I beg leave to say, that, although his rule
certainly will prove a sum to be correct that is so be-
fore the application of the rule, as in the above case,
yet there is a possibility of this very rule proving a sum
to be right that is palpably. wrong.

Fallibility of the Doctor’s Rule.

We found the excess above nine in the sum of the
several excesses to be 2: now, by the rule, it is neces-
sary that the excess of the total be 2 also; which it
certainly is, and is, as I said before, proving the sum

- to be correct, because it is so.

But suppose that, instead of 29 (the amount of the
last column), the young pupil should invert the order
of the number, (which, by the by, is no uncommon
case with a beginner,) we should then, instead of
2936, have 9236. Now, the excess above nine in
either case is precisely the same, namely 2. From
this it is evident that 9236, or, of course, any other
number whatever having the same excess, would,
agreeably to the Doctor’s rule, naturally enough, be
thought correct. But our previous results, in the dif-
ferent methods of performing this example, show ag

c
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once the fallacy of that rule, which can thus prove a
sum to be right which may be evidently wrong.

The best method of Proof is, first carefully to add
each column upwards, and then downwards; and, if
the amount be the same each way, it is very likely to
be correct. Thus, in adding the first column upwards,
we say 6, 14, 18, 26; and, in adding it downwards,
we say 8, 12, 20,’ 26; sothat, 26 being the sum either
way, we conclude that this amount is correct. There
is undoubtedly less risk in a person telling wrong who
counts a sum of money twice, than there is with one
who does it by a method which may or may not, ac-
cording to circumstances, be correct.
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CHAPTER 1IV.
LECTURE II. CONTINUED.

SimMpPLE SuBTRACTION is the method of finding the
difference between a greater and a less integral num-
ber, the greater of which is called the minuend, and the
less the subtrahend.

In Subtraction, as in addition of simple numbers,
units must be placed under units, and tens under tens,
&c. and, when the digits in the minuend, or greater
number, are greater than those of the subtrahend, or
less number, we simply write the difference below the
subtrahend, with a line between them, in the following
way:—

5467893 minuend.
2154321 sybtrahend.

3313572 difference, or remainder.

1 from 3, and 2 remain; 2 from 9, and 7 remain;
3 from 8, and 5 remain, &c. But, as it is best to be
as laconic as possible, the word remain may be left out
altogether ; thus—1 from 3, and 2; 2 from 9, and 7;
3 from 8, and 5, &c. This is the usual way of sub-
tracting a less digit from a greater.

But I think that the young pupil might sooner
master this part of subtraction, by asking how many -
must be added to the lower digit to make it equal to

c2
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the upper one. The answer to this query would just
be the difference between the two digits. Thus, How
many added to 1 will make 3? Answer, 2: then 2 is
the difference between 1 and 3.—Again, How many
added to 2 will ‘produce 9? Answer, 7: then 7 is the
difference between 2 and 9, &c.

The above example is among the simplest cases that’
can possibly occur in Subtraction, as there is no car-
rying introduced in it. But, when any figure in the
lower line is greater than its corresponding figure in
the upper line, we then, agreeably to the common rule,
add 10 to the upper figure, subtract the lower one
from the amount, set down the difference, and carry 1
to the next figure in the lower line. This will be il-
lustrated in the following example:

941189
561984

379205

4 from 9, and 5, or 4 wants 5 to equal 9; 8 wants
0 to equal 8. The next position is the case in point.
We cannot take 9 from 1, nor can we ask, how many
added to 9 willmake 1? No; we must add 10 to the
1, and say 9 from 11, which leaves a remainder of 2.
We now carry 1 to the next figure in the lower line,
for the 10 which we added te the upper figure: and
the reason for this is very evident from the following
consideration,—that, if we take any less number from
another which is greater, we shall have a certain re-
mainder; and, if we add 10, or any other number to
each of them, the remainder will still be the same.



ANALYSIS OF INTEGERS. 29

Thus— 12 from 24 = 12
(adding 10 to each) 22 from 34 = 12
(adding 50 to each) 62 from 74 = 12 &o.

Thus we see that, let us add any number whatever
to each of the numbers in subtraction, that the remain-
der must still be the same as if no addition had been
made; and this is a sufficient reason for adding 1 to
the next position in the lower line, for the 10 added to
the top figure on the rightof it; for 10 in any position
are but equivalent to 1 in the next position towards the
left.®

Another method, and I think a better, is to add 10
to the less digit, by which means the digit on its left
will be diminished by 1: this will, of course, preclude
the necessity of carrying 1 to the next figure in the
lower line; so that by this means we shall have no
carrying at all, thereby rendering subtraction less for-
midable to the young pupil.

If in this case there should be ciphers in the minu-
end, conceive them all to be nines, and the significant
figure which precedes them lessened by 1. I shall
_ explain this by the following example :

7940076 minuend.
2150679 subtrahend.

5789397 difference.

We here say 9 from 16, and 7, and then not 8 from 17,
as by the common method, but 7 from 16; for, in add-
ing 10 to the first position, we necessarily lessened the

* See Russell’s Companion to Arithmetic.
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preceding digit by 1, the 7 therefore became 6: conse-
quently we say 7 from 16, and 9.

Then 6 from 10, lessened by 1 for the 10 borrowed,
and there remains 3; and 0 from 10, lessened by 1,
and there remains 9; and 5 from 14, lessened by |1,
and there remains 8, &c. Or, agreeably to the above
remark, conceive the two ciphers nines, and the digit
which precedes them lessened by 1, then we have but
to say 6 from 9, and 3; O from 9, and 9; 5 from 13,
and 8, &c.

Proof.—There are two methods of proving subtrac-
tion : thus, if we add the difference between any two
numbers to the less, it is obvious that their sum will be
equal to the greater; which is the same as when a
person, after having paid a certain portion of a debt,
finds a balance which he still owes, and which, if
added to the sum which he has already paid, would
cancel the whole; or (which is the same thing) their
sum would just be equal to the whole of the debt.
Thus—

7940076 = the greater number, or debt;
and 2150679 = the less number, or sum paid;

then 5789397 = the difference, or balance unpaid ;
and 7940076 = the greater number, or debt.

And it is also obvious that the difference between
any two numbers taken from the greater, will leave theé
less, or (which is the same thing) a balance which is
owing, taken from the whole debt, will leave the sum
which was formerly paid, thus—
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7940076 = the greater, or debt;
and 2150679 = the less, or sum formerly paid;

then 5789397 = the difference, or balance owing ;
and 2150679 = the less, or sum formerly paid.

Addition and Subtraction of simple numbers have, it
is presumed, been so fully and clearly explained, that
further elucidation on these heads is unnecessary.

CHAPTER V.
LECTURE IIL

SiMpre MurrirLicaTION is a compendious way of
performing simple Addition; for the number by which
any other number is to be multiplied, is the number of
times that that number is to be repeated. Thus 10 x
5=:50, and 10 4+ 10 + 10 4 10 4 10 = 50 also.

As a proof that Multiplication is a short method
of performing Addition, suppose we had to add
123,456,789 twenty times repeated, a tolerably expert
adder would take ten minutes to perform it : whereas,
the same thing could be done by Multiplication in
about half a minute.

The number to be multiplied is called the multipli-
cand; that by which we multiply, the multiplier ; and .
_ the result is the product. The multiplicand and
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multiplier are often called the factors of theirproduct;
and these numbers as frequently get the name of com-
ponent parts. Thus, in the above example, 10 is the
multiplicand, and 5 the multiplier; and both of these
are factors, or component parts, of 50; and .50 is the
product: 50 is, of course, a composite number, since
the product of two_or more numbers can produce it,
for5 x 5 x 2,as well as 10 x 8§ =50. (See Rus-
sell's ¢ Companion to Arithmetic.”)

Any product is said to be a multiple of either factor;
and either factor is said to be a sub-multiple of the
product: thus, 50 is a multiple of 10 or of 5; and 10
or & is a sub-multiple of 50.

A few remarks on the multiplication table will be of
use in this place:—

First, any number multnplxed by 10 is that number
with a cipher annexed :—

Thus 10 times 1 = 1 and a cipher, or 10
10 times 7 = 7 and a cipher, or 70
10 times 12 = 12 and a cipher, or 120
And 10 times 71 = 71 and a cipher, or 710, &c.

Secondly, 100 times any number is produced by an-
nexing two ciphers; 1,000 times, by annexing three
ciphers; and 1,000,000 times, by annexing siz ciphers,
&c.—

Thus 100 times 123 = 12,300
1,000 times 123 = 123,000
And 1,000,000 times 123 = 123,000,000, &c.

Thirdly, since 10 times any number is so easily pro-

\
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duced, 5 times any number may be very readily found
by halvirg 10 times the same : —
Thus 5 times 4 = § of 40, which is 20
5 times 5 = 4 of 50, whichis 25
And 5 times 24 = } of 240, which is 120, &c.
We may also observe, that 5 times any odd number
has 5 for the units’ place of the product, as in 5 times
5, which are 25; and that 5 times any even number
has a cipher in the units’ place, as in 5 times 4, which
are 20: so that, in the table, we have § and 0 alter-
nately in the products.
Fourthly, in 6 times any of the even numbers, we
have half of the even number for the tens’ place of the
product, and the number itself for the units’ place:—

Thus 6 times 2 = % of 2 for tens, and 2 for units = 12
6 times 4 = 4 of 4 for tens, and 4 for units = 24
6 times 6 = % of 6 for tens, and 6 for units = 36
And 6 times 8 = § of 8 for tens, and 8 for upits = 48 :
&c.

The product of the odd numbers in 6 times may be
found in this way :—annex a cipher to the number
which is to be multiplied ; to its half add the number
to be multiplied.

Thus 6 times 3 = 3, and £ of 30 = 18
fAnd 6 times 4 = 4, and { of 40 = 24, &c.

The product of the even numbers may also be found

in this way :—
Thus 6 times 2 = 4 of 20 4 2 = 12

And 6 times 6 = % of 60 + 6 = 36, &c.
But the first method is certainly simplest.
: c3
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Fifthly, 7 times any number may be found thus :—
annex a cipher; halve it, as in the last case, to which
add twice the number :—

-

Thus 7 times 2 = twice 2 + §of 20 = 14
7 times 3 = twice 3 + gof 30 =21
7 times 7 = twice 7 + jof 70 =49

And 7 times 12 = twice 12 + }of 120 = 84, &c.

It may be remarked, that 7 times 3, 6, 9, or 12, gives
us the third part of the number to be multiplied as the
units’ place, and twice this for the tens of the product:—

Thus 7 times 3 = } of 3, or 1 for the units, and twice
1 or 2 for tens = 21
7 times 6 = 4 of 6, or 2 for units, and twice 2 or
4 for tens = 42
7 times 9 = % of 9, or 3 for units, and twice 3 or
6 for tens = 63
And 7 times 12 = § of 12, or 4 for units, and twice 4
or 8 for tens = 84

It may also be observed, that the sum of the digits
in the above products is just the number multiplied by
" 7, and the units juyst half of the tens :-—

Thus 7 times 3 =21land2 4+ 1= 3
7 times 6 = 42 and4 4+ 2 = 6
7times 9 = 63and 6 +3= 9

And 7 times 12 = 84 and 8 + 4 = 12

Slxthly, 8 times any number is equal to 10 times the
number minus twice the same: — ‘
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Thus 8 times 2 = 20 — twice 2 = 16

8 times 3 = 30 — twice 3 = 24

8 times 4 = 40 — twice 4 = 32
And 8 times 7 = 70 — twice 7 = 56, &c.

Seventhly, from your knowledge of 10 times, the
product of 9 times any number may be very easily
ascertained, for 9 times any number is just 10 times
less once the same :=—

Thug 9 times 2= 20— 2,o0r 18
Otimes 3= 30— 3,o0r 27
Otimes 4= 40 — 4,or 36
Otimes 7= 70 — 7,0or 63
9times 9= 90— 9,or 81

And 9 times 12 = 120 — 12, or 108, &c.

It is rather remarkable, that the sum of the digits in
9 times amounts to 9: thus 9 times 2 are 18, 1 and 8
are 9; 9 times 3 are 27, 2 and 7 are 9; 9 times 4 are
36, 3 and 6 are 9, &c.

It is evident from the above products, that the tens’
place of each is just I less than the digit multiplied by
9, and the units® place is the difference between the
tens’ place, and 9 :— .

Thus 9 times 2 = 1 ten and 8 units = 18
9 times 3 = 2 tens and 7 units = 27

'O times 4 = 3 tens and 6 units = 36

9 times 5 = 4 tens and 5 units = 45

9 times 6 = 5 tens and 4 units = 54

9 times 7 = 6 tens and 3 units = 63

9 times 8 = 7 tens and 2 units = 72

9 times 9 = 8 tens and 1 unit = 81
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Eighthly, 11 times any number is also easily disco-
vered, for 11 times any number i is 10 times plus once
the same :—

Thus 11 times 2 = 20 + 2 =22
11 times 5 = 50 + 5 = 55
And 11 times 9 = 90 + 9 = 99, &c.

Or it may be found in a much simpler way—thus: 11
- times any of the 9 digits is just 2 of the digit to be
multiplied, the one considered as the units, and the
other as the tens of the product:— ;

Thus 11 times 3 = 3,3, or 33
11 times 4 = 4,4, or 44
And 11 times 6 = 6,6, or 66, &c.

But when the number to be multiplied is above 12,
and not beyond 99, it may be managed in the following
way :—Set down the number to be multiplied, keeping
the digits of it a little detached from each other, and,
between them place their sum: this will produce the
product : but this can as easily be reckoned mentally
as on your slates. Thus in 11 times 15:—imagine
you see the digits of 15, which are 1 and 5, a little
apart, and between them place the sum of 1 and 5,
which is 6; the product is, therefore, 1,6,5, or 165.
In 11 times 24, we place between the two digits, 2 and
4,the sum of 2 and 4, which is 6; we, therefore, have
2,6,4, or 264, which is the product.

Bv the same rule :(—

11 times 17 = 187
11 times 25 = 275
And 11 times 36 = 396, &c.
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But, should it happen that the sum of the two digits
amounts to more than 9, we make the left hand digit
one more : thus in 11 times 19, we have the sum of 1
and 9, which is 10, for the middle number ; but, as our
numeration increases in a ten-fold proportion from
right to left, and as this sum of 10 occupies the second
or tens’ place, it is equal to a hundred, or one of the
next place; this 1 must, therefore, be added to the
digit on the left; and, as the sum was no more than
10, we put a cipher in the middle: the product is,
therefore, 209 :— _

Consequently 11 times 28 = 308
11 times 29 = 429
11 times 98 = 1078, &c.

Ninthly, as 12 times any number is equal to 10 times
the number added to twice the same, or equal to 11
times any number added to once the same, we have :—

1st. 12 times 1 = 10 4 twice 1 = 12

12 times 3 = 30 + twice 3 = 36

12 times 7 = 70 + twice 7 = 84
And 12 times 9 = 90 + twice 9 = 108, &c.

2dly. 12 times 2 =22 4+ 2 = 24
12 times3 =33 + 3 = 36
12times 7=77 4+ 7 = 84
12 times 9 = 99 4+ 9 = 108, &c.

This method is preferable to the first.

These are remarks which may be of use to the ad-
vanced pupil, and of singular service to the beginner,
while learning this grand foundation of every calcu-
lation. ‘
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CHAPTER VI,

LECTURE IIl, CONTINUED.

Tne product of any two numbers will be the same
whichever of them you make the multiplier. Thus
7 x 4 =28,and4 x 7 = 28 also. Many conceive
this to be so self-evident as not to require proof; but
they are certainly deceived by their familiarity with the
fact. It is by no means evident, at least to me, at
first sight, that the sum of 4 sevens and that of 7 fours
is the same, or, which is the same thing, that 7 4 7 4
74+ 7=4+44+4+4+4+4+ 4. Theonly
proof that I can adduce is the following, which I con-
ceive to be so very simple, that an infant may almost
be persuaded of its truth, Take 4 rows, each con-
taining 7 counters, and you will find their sum equal to
28. Take also 7 rows, each containing 4 counters,
and you will also find their sum 28, as before.
Thus 4 rows, each of 7 counters :—

0000O0OO0O0TS= 17
000 0O0O0O= 7
000O0O0O0O0 =7
000 O00O0O0O0 = 7

28

44+4+4+44+44+4+4
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And 7 rows, each containing 4 counters :—

0 0 0 0 = 4
0 0 0 0 = 4
0 0 0 0 = 4
0 0 0 0 = 4
0 0 0 0 = 4
0 0 0 0 = 4
0 0 0 0 = 4
74+ 74 74+7 = 28

From the above schemes it is evident, even from
ocular demonstration, that 7 X 4 and 4 x 7 are the same,
for, count each scheme whichever way you will, still
you find the same result. This will hold true with any
other factors whatever: thus 6 times 9 are the same as
9 times 6, and 12 times 5 the same as 6 times 10, &c.

The product of any number by 2, 3,4, 5,6,7,8, 9,
10,11, and 12, will, from a thorough knowledge of the
multiplication table, be as easily found as adding 2, 3,
4,5,6,7,8,9, 10,11, or 12 numbers together for the
purpose of finding their sum,

Thus 1742
Multiplied by 6

10452 product.

Here we say 6 times 2 are 12; put down 2, and carry
1, which is precisely the same as if we had added 6
twos, or 2 sixes, together; then, 6 times 4 are 24 and
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1 are twenty-five, 5 and carry two; 6 times 7 are
42, and 2 are 44, 4 and carry 4; and 6 times 1 are
6, and 4 are 10. It is clearly evident from this, that,
with a perfect knowledge of the table, Multiplication
will be found, not only more expeditious, but even
simpler than Addition.

Multipliers above 12 may be managed in various
ways: thus, if 15 be the multiplier, we may multiply
thetopline, or multiplicand, by 12, and by the difference
between 12 and 15, which is 3 : these two sums, added
together, will be the required product. .

Let us multiply 7896 by 15 :—

Ist. 7896 x 3
12

94752 product by 12
23688 ditto by 3

118440 ditto by 15

Or 10 times the top line, added to 5 times the same
will produce the same result:—

Thus 2d. 7896 x 5
% 78960 10
39480

78960 the product by 10
118440 39480  ditto by 5

118,440 ditto by 15
as before.
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Or we may first multiply by 5, then by 10, and add
the two sums together for the product, thus—

ad. 7896 x 10
. 5

39480 product by 5
78960 ditto by 10

118,440 ditto by 15 as before.

From this we may observe that, as 10 times any number
always ends with a cipher (see p. 37); and, as a cipher
is of no value in addition, this gives rise to the rule for
commencing each succeeding product in place more
-to the left, omitting the cipher; or, which is the same
thing, beginning the product of each significant figure
in the multiplier immediately below itself. Thus—

4th. 7896
15

39480
7896

118,440 as before.

Here we see the product of the 5 begun below itself,
and that of the 1, in the second place, which is the
position in which ¢t stands; the cipher omitted having
no effect whatever on the addition.

As 15 is a composite number, and its component
parts 3 and 5, or 5 and 3, it may be managed thus :—
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5th. 7896 Or 17896
3 5
23688 39480
5 - 3
118,440 as before 118,440 as before.

If we commence the product of each digit imme-
diately below itself, it does not signify which digit we
begin or end with: thus—

6th. 7896
15

7896
39480

118,440 as before.

" And to multiply by a number contaiuing two places,
wheu unity, or 1, is the left hand figure, we have but
to multiply by the other digit, and to the product of
every figure in the multiplicand add its right hand
figure, to produce the product in one line, thus—

7th. 7896
156

118,440 as before.

Here we say 6 x 5 = 30; but, as there is no figure to

the right of 6 in the multiplicand, we put down a cipher,

and carry 3; 9 x 5 + 3 4 the right hand figure to 9,
_ ) |
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which is 6, equal to 54, 4,and carry 5; 8 X 5+ 6
4+ 9 = 54, 4, and carry 5; 7 x 6 + 5 4+ 8 =48,
8, and carry 4; then this 4, added the remaining right
hand figure, produces 11, which we also put down in
the product. From a review of method 4th, (which
see,) the reason of this is perfectly evident. By this
method we can multiply simple numbers by 13, 14, 15,
16, 17, 18, and 19, in one line, with the greatest ease.

When the right hand digit of two places is unity, the
product mny also be produced in one line, by first
putting down, the units’ place of the multiplicand, and
then adding to the product of each succeeding place in
the multiplicand its left hand figure, thus—

8th. Multiply 7896
By 31

244,776

First we put down the units’ place of the multiplicand,
which is 65 then 6 x 3 +9 = 27, 7, and carry 2;
9x3+2+8=23717 andcarry3; 8 x 3 + 3
4+ 7 =34,4, andcarry3; and 7 x 3 + 3 = 24.
This process is evident from the 6th method, (which
see.) After the same manner we may very easily mul-
tiply simple numbers by 21, 31, 41, 51, 61, 71, 81,
and 91, in one line.

This gives rise to a very simple method of multiply.
ing by 11, for we have only to set down the units’ place
of the multiplicand, and afterwards add the tens and
units, then the hundreds and tens, &c. till all the places
of the multiplicand are exhausted, thus—
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To multiply 7896
By 11

86,856 the product.

Here we put down 6; then 9 + 6 = 15, 5 and carry
1;14+8+9=18, 8 andcarryl; 1 4+ 7 + 8
= 16, 6 and carry 1; 1 4 7 ='8. This is the
same as if to 10 times the multiplicand we added once
the same.

From what has been said of 9 times, in the obser-
vations on' the multiplication table, (p. 39.) the multi-
plication of any simple number by 9 may be managed
in the following way, thus— - .

To multiply 7896
By 9

71064 the product.

We suppose a cipher annexed to the multiplicand,
which is, in fact, multiplying it by 10, then subtract
from right to left, as follows :—6 from 10,and 4 ; lﬁ
=10, 10 from 16, and 6; 1 + 8=9, 9 from 9,and 0;
7 from8, and 1; and then, as there is no figure to take
from the 7, we put it down on the left of the other re-
mainders, o '

This is the same as if from 10 times the multiplicand
we subtract once the same, which, of course, leaves 9
times the multiplicand.

Therefore, to multiply by any number consisting

. wholly of nines, we have but to annex a cipher to the
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multiplicand for each 9 in the multiplier, and subtract
the multiplicand from it. Thus, to multiply 7896 by
999, we say—

From 7896000 the product by 1000
Take 7896  ditto by 1

And there remains 7888104 ditto by 999

From what has been said in p. 37, 1000 times any
number is that number with three ciphers annexed,
and, if from 1000 times any number we subtract once
the same, it must leave a difference equal to the pro- .
duct by 999, since 1000 — 1 = 999.

This method, as I said before, will hold good with
any number of nines.

Let us now multiply - 7896 by 999,999
Then from 7896000000 product by 1,000,000
Take 7896 ditto by 1

There remains 7,895 | 992,104 ditto by 999,999

Shonld there be any other digit in the multiplier
besides nines, we have first to find the product, as if
they were all nines, and from this result take the pro-

. duct of the multiplicand by the difference between such
digit and 9, observing to place the sum to be subtracted
immediately under the place where the digit stands : —
thus, to multiply 7896 by 919:
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From 7896000
Take 7896 x 8, the difference
between 1 and 9

-And from 7,888,104 product by 999
Take 63168 ditto by 80

———

And there remains 7,256,424 ditto by 919

Secondly, to multiply 7896 by 199, we say—

From 7896000
‘Take 7896 x 8

And from 7,888,104 product by 999
Take 6,316,8  ditto by 800

And there remains 1,571,304 ditto by 199

Thirdly, to multiply 7896 by 991, we say—

From 7896000
Take 7896 x 8

And from 7888104 product by 999
Take 63168 ditto by §

And there remains 7824936 ditto by 991

But when 1 happens to be on the extreme right or
left of the multiplier, it is, perhaps, better to find the
product by the number of nines, and add the multi-
plicand, placed under the position in which it stands in
the multiplier. Thus, to multiply 7896 by 199 : —
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From 789600
Take 7896

47

And to 781704 product by 99
Add 7896  ditto by 100

Andwehave 1,571,304 ditto by 199 as before.

Secondly, to multiply 7896 by 991 : —

From 789600
Take 7896

And to 781,704 product by 99
Add 7896 ditto by 1

And we have 7,824,936 ditto by 991 as before

Thirdly, from what has been said there can be no

difficulty of multiplying by any number of nines having
unity both on right and left,

Thus, to multiply 7896
by 19991, we say—

From 7896000
Take 7896

7888104 product by 999
7896  ditto by 1
ditto by 10000

157848936~ ditto by 19991

7896

Let us now multiply 7896 by 98884 :—
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From 789600000
Take 7896 x 1,1,1,and 5

And from 789592104 product by 99,999

. 7896 ditto by 1,000
7896  ditto' by 100
7896  ditto by 10
39480 ditto by 5

Take 8804040 ditto by 1115

There remains 780 | 788,064 ditto by 98884

More examples of this kind are unnecessary.

When there are ciphers on the right of either or both
factors, they may be omitted in the multiplication, and .
afterwards annexed to the product :—

Thus, to multiply 42000 by 24000
24

168
84 )

1,008 | 000,000, the product.

It is evident, from what has been said in p. 32, that
any number multiplied by 1000 is that number with
.three ciphers annexed. Since, then, the multiplier is
24,000, all that is necessary in this case is, to annex
three additional ciphers to the above multiplicand, and
multiply by 24; but it is obvious that, if the ciphers
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oa the right of both factors be omitted in the work,
and afterwards. annexed, that the same result would he
produced, as may be seen in the ahave example.
Under this head, a recent .authar says, that, “to
attempt formal and scientific proofs of the several
rules, in a work intended solely for youth, would be
superflious. It is needless to comfirm,” adds he,
¢ what has already been established, or to prave truths
to which all assent;” and ‘¢ that mathematical demon-
-strations have been purposely omitted, .as they could

be of no advantage to the learner, and it is presumed

the teacher does not want them,”

It is painful for me to mention the faults of my
neighbours, yet am I in duty bound, in the present in-
stance, to say, that since the work alluded to isintended
solely for youth, that it is youtk alone that require
scientific proofs of every step in their calculation;
they will thereby better understand what they do, and
will also retain it longer. As for those who have
already been scientifically taught, they need no such
proofs, because they are, or ought to be, familiar
them. :

Are we, for instance, to take it for granted that
smoke ascends, merely because it is a truth to which
every one assents? or that a bullet will descend, if
dropt from an eminence? Certainly not: we should
examine them carefully for our own satisfaction, and

know the reason of their ascending and descending : -

then, and not till then, should we be convinced of these,

or of any other truths. He says that mathematical

demonstrations have been omitted, as it is presumed
D

X
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the feacher does not want them; but I would ask
what it avails the pupil that the master is possessed of
_necessary knowledge for the elucidation of any point
in his profession, if he is told that they can be of no ad-
‘vantage to his pupil? ¢ Doas I do” is by no meansa
satisfactory rule to an enquiring mind. In the preface
to this work, he seems to be a little inconsistent; for a
quotation runs thus : —* The great business of the
preceptor, says a late writer, is to see that the learner
understands. the rules, as well as commits them to me-
mory.”
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CHAPTER VII.
LECTURE III. CONTINUED.

Wuexn the multiplier has significant figures on the
right, with a mixture of significant and insignificant
figures on the left, we disregard the ciphers, and mul-
tiply by the significant figures only; and the units’
place of each product must be placed immediately
under the multjplying ﬁgurgi thus—

To multiply 3964285
By. 7004032

7928570
11892855
15857140
27749995

27765978997120 the product.

‘When one part of the multiplier is a component papt
of another, a succeeding product may be more easily
found from it than by repeating the multiplicand;and
that in fewer figures : thus—

1st. To multiply 546
. By 328

4368 x 4, for 8 x 4 = 32
17472

—_—

179088 the product.
o3
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. 2dly,

3dly.
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To multiply 546
By 546

—

3276 x 9,for6 x 9 = 54
20484

298116 the product.

To multipiy 784329
By 108549

7058961 x 6, then by 12, 0r
42353766 x 2
84707532

85138128621 the product.

It is sometimes of advantage to multiply by a greater
than the given multiplier, and afterwards to subtract
a product by the difference between the real and as-
sumed multiplier: thus—

1st. To multiply 5467 by 1988

5467 x 12
2

10934000 product by 2000
65604 which is too much by 12

——

10868396  the product by 1988
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2dly. To multiply 5467 by 5994.

5467 x 6
6

32802000  the productby 6000
32802 which is toomuch by 6

S——

32769198 the required prod. by 5994

There are many other advantages which may be
taken in multiplying, but which cannot be exhibited
till something has been said on the rule of Division.

The best method of proving multiplication, when the
multiplier is small, is by addition. Thus, if I had to

Multiply 5467
By 5

1 should have 27335 for the product. And, to
prove by addition that this product is correct, 5467
must be repeated five times, and their sum wall be the
same as the product :— .

Thus 5467

: 5467
5467

5467

5467

27335 as before

And when the multipliers are high, the proof may
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be found by making. the multiplicand the multiplier,
and the multiplier the multiplicand : (see p. 38,) thus—

Let us multiply 728 multiplicand
By 369 multiplier .

6552 x 4, for9 x 4 =36
26208

268632 the product,

Now, for the proof, let the factors be changed : —

Thus 369" multlpllcand
By 728 multlpher
2952 x 9, for 8 x 9=72
26568

et it

268632 the pfoof.

As additional proof's, the same example may be per-
formed in various ways :—

Thus 728 Or 728
369 ' ' 369
2184 x 2and 3 4368
4368 : 2184 x 3
6552 ' » 6552

268632 as before. ~ 268632 as before.
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Or 369 . 369
728 - 728
2583 x4 2583
10332 738 x 4
' 2952
268632
268632 asbefore,&c,

The proof by Division must be deferred till the pupil
hag heard something on that head. (See p. 73 et seq.)

: ‘'The proof by casting out the nines is as false in.
Multlphcatmn as it -has been shown to be in proving
Addition; but the above methods are infallible.
(See p. 25.)

CHAPTER VIIL
LECTU‘RE 1v,

SIMPLE vaxsxou is the method of finding how often
one simple number is contained in another; or of di-
viding any given number into any proposed number of
equal parts, which is the same as subtracting ome
number repeatédly from another, for one number is con-
tained in another precisely the number of times that it
can be subtracted from it :—thus 12 <~ 4 = 3; and
J2—4=8; 8—~4=4; and4—4=0." We
‘have here subtracted 4 from 12 just 3 times; it is,
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therefore, contained in 12 exactly the same mumber of
times by Subtraction as by Division. Division is,
therefore, a short way of performing Subtraction.
For, suppose a person had to divide 7300 by 365 : this
could be done in half a minute: the same person
would-take no less than ten minutes to'do the same by
Subtraction. )

The number which is to be divided is the Dividend,
that by which we divide the Divisor ; the result is the
Quotient ; and what i8 over, the remainder : thus, ix
the above example, 12 is'the dividend ; 4, the divisor;
3, the quotient ; and there is no remainder. '

The quotient of any number divided by 2, 3, 4, 5, 6,
7,8,9,10, 11, or 12, is the same as that fowdd by
subtracting the divisor as many times from the dividend
as there are units in the divisor, which is evident from
the above example.

Division by any number, from 2 to 12 inclusive, may
be performed by maltiplying and subtracting mentally,
writing down only the quotient figures below the di-
vidend. Thus, to divide 764 by 2 :—

Divisor 2) 764 dividend

382 quotient.

We first inquire how often 2 is contained in the highest
figure: thus—2 in 7, 3 times, and 1 over; we set
down the 3 as the first quotieat figure, and carry the
1 ta the next figure in the dividend, which is 6; bat
when 1 is carried to the next positien towards the right,
ithecomes 100f the same (see p. 16.); we, therefore,next
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find how often 2 ix contained in 16, and since there are
8 twos, and no remainder, we set down 8 as the second
figiire of the quotient : lastly, we divide the last figure
of the dividend, which is 4, by 2, and we get the last
quotient figure, which is 2: the division, therefore, of
764 by 2 is just 382.

If we divide all the constituent parts of a nuymber,
and add the several quotients, we get the same result
as when we divide the nuwber in its combined state.
Thus, in the above example, the division of the number
764 in its combined state is 382, and the sum of the -
division of the constjtuent parts 700, 69, and 4, we will
find the same : thug—

- 700 == 2 = 350 ,
60-=~2= 30
And 4-4-2:: 2

382 as befone.

From this the process in Division is evident.
Fromhaving a perfect knowledge of the common mul-
tiplieation table, division by any number under 13 can
be na difficult task ; and the division by any composite
number, however high, may be as easily done by em-
ploying its component parts :—thus, to divide 864 by
24, we bave but to divide by the component parts of
24, which are either2 and 12, 3 and 8, or 4 and 6 ;.now,
by employing either, or all of these methods, we may
find the quotient very readily by short Divigion; and,
from what has been said in Multiplication, (pages 38

»3
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and 39,) it does not signify’ wlnch component part we
commence Wwith : thus—-

Fu'st Method.
2) 864 12) 864
24 e . 24 —_
12) 432 © 2) 72
36 the quotient, . 36 as before.
. Second Method.
3)86¢ . 8) 864
U — 24 —_
g) 288  °F '3 ) 108
.36 as before, . 36 as before.
.
Third Method.
5 4) 864 o 6) 864
24 — or 244 0 —
\ 6) 216 4) 144
36 as before. . 36 as before.

In the above example, there happens to be no re-
" mainder in eithér division by the component -parts ;
but, when there is a remainder in either, or both, -the
‘true remainder is found by the product of the first di-
‘yisor and last remainder added to the first remainder,
ifany. (See Russell’s Companion, Quest 55.)

Let us divide 1279 by 36. '

The component parts of this dmsor are 3 and 12,
4and9 or6and6:— g .

.oca
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First Method.
3) 1279
o}

12) 426-],

35 quotient,and 6 X 3 + 1 = 19 rem.

Or,.
{12) 1279

.3) 106-7

35 quotient,and 1 x 12 4 7 = 19rem.

Second Method.

4) 1279
36 —
9) 319-3

—

- 35and4 x4 43=19.

Or,

9) 1279 -
36 —_
4) 142-1

35and2 X 9 4+ 1 =19.

Third Method.

6) 1279 .
36 — U
6) 2131

" 35 and3 x 6 4+ 1 = 19, as before.
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In dividing by 3 and 12, our first remainder is 1,
and second 6; now 6, the second remainder, multi-
plied by 3; the first divisor, = 18, and 18 added to
the first remainder will give 19 as the true remainder.

In dividing by 12 and .3, out first remainder is 7, and
second 1; now 1 x 12 4 7 = 19, the true remainder,
as'before.

In dividing by 4 and 9, our remaitiders are 3 and
4; then 4 X 4 + 3 = 19, true remainder, as before.

In dividing by 9 and 4, our remaindersare1 and 2
now 2 x 9 + 1 = 19, true remainder, as before.

And in dividing by 6 and 6, our remainders are 1
and 3; now 3 x 6 4 1 = 19, true remainder, as
before.

Note :—when there is no rethainder in the gecond
division, the first is the true remainder,

No treatise of arithmetic that has ever come under
my notice has condescended to give a rational reason
for the above rule, except one or two, who explain it
agreeably to the doctrine of fractions, which the pupil,
at this early stage, cannot possibly comprehend,

But, as the method of dividing by component parts
is generally recommended to the young pupil, and
where the dividend is a high number, 1t should always
have a decided preference to Long Division; but’ why
authors have not deigned to satisfy the young mind, it is
not my part.to deeipher, although I may here venture
to say that simplicity in any work, and particularly
in a scientific subject, is the greatest rccommendshon
in its favour.

I shall now endeavour, and in as simple a manner as
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" possible, to give a sufficient reason for multiplying the
last remainder by the first divisor, adding the first re«
maeinder (if any), to the product, for the true re~
mainder.

Any pymber, however high, is underatood to be so
many units, or ones, for when we say 100, 1000,
1000000, &c. we mean 100 ones, 1000 onéds, and
1000000 ongs, &c.

Now ones, divided by any number, gives ns a
quotient, which partakes of the same of our divisor)
thys any number of ones, divided by 2, produces a
quotient of so many twos; by 3. 80 mny threes; and
by 4, 8¢ many fours, &c.

Thus, if s school of 24 pupils were dmded inta
classes, each containing 2 pupils, we shoyld have 12
such classes, each containing 2; these 12 classes
wonld, therefore, be 12 #wos: if we put 3 in each
class, we would have 8 elasses, each containing 33
they would, therefore, be 8 thregs : and, if we put 4in
each class, we shall have 6 claseps, each contsining 4
pupils; they would, therefore, be 6 fours, &c. and
shonld there be any remainder after such divisions, it,
of course, will be se many ones$ thus, suppose the
same number, 24, to be divided into classes, each cans

~ tgining 5, we should have 4-such clasaes, snd 4 ever:

we have, in this case, 4 fives, and 4 ones ever.

. Now, twos, threes, fours, or fives, &, divided by any
number, will, from the above reasonjng, give us re~
mginders containing so many twos, fhrees, fours, or
Jives, &c. and, in order to show the: true remainder in
dividing by any two component parts, we must bring
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the second remainder, which, of course, will contain so
many twos, threes, fours, or flves, &c. into ones, and
add them to the first remajnder of ones for the true re-
.mainder: now this, in fact, is precisely the same as
multiplying the last remainder by the first divisor, and
adding the first remainder.

. In the above example, in dividing 1279 by 12 and
3, we have first, in the division by 12, which is the
first component part, a quotient of 106 twelves, and 7
ones over; now these twelves, divided by the other
component part, which is 3, gives us 35 as a quotient,
and 1 twelve over; but 1 twelve and 7 ones are 19 ones,
which is the proper remainder: this-is evidently the
same as multiplying 1 (the last remainder) by 12 (the
first divisor), and adding 7 (the first remainder), which
produces’19 for the true remainder, as before.

In dividing by 4 and 9, in the same example, we have
first, in the division by 4, 426 fours, and 3 ones over ;
these fours, divided by the other component part, gives °
us 35 for the quotient, as before, and 4 fours over;
now 4 fours, added to 3 ones, gives us a remainder of
19 ones, as before. It is therefore obvious, that when
there is no seeond remamder, the first is the true re-
mainder.

: From the foregoing explanation, the reason of the
rule, it is presumed, is made perfectly evident to the
meanest capacity, and equally comprehensible to the
youngest mind.

- From what has been said on the division by two
component parts, the division by any number of com-
ponent parts may be very easily managed : thus, let us
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divide 74267 by 288: the component parts of this
divisor may be 12, 12, and 2; 8, 12, and 3; or 9, 8,
and 4, &c.

Now, by the first component parts we have : —

First. /
12) 74267
41
288 12) 6188 (12 s) and 11 (1’s) over.
2) 515 (144’5) and 8 (12's) over.
. 257 quotient, and 1 (144) over.
Now 1 (144)

8 (12s) = 96
And11 (I's) = 11

Therefore 251 is the true remainder,
-Then, by the second component parts : —

Second,

) 74267
96{
288 12) 9283 (8’s) and 3 (1) over,
3) 773 (96's) and 7 (8's) over. °

267 quotient, and 2 (96’s) over.

Now 2 (96's) = 192
7 (8's) = 56
And 3 (I's) = 3

Therefore 251 the true remainder, as Lefore.
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Lastly, by the third component parts :—
' Third,

9) 74267

72 '
288 { 8) 8251 (9's) and 8 (1’s) over.
1031 (72’s) and 3 (9's) over.

|

257 quotient, and 3 (72's) over.

But 3 (72's) = 216
3 (9%8) = 27
And8 (I's) = 8

Therefore 251 the true remainder, as before.

Therefore, when we have.any number of divisors, we
have but to multiply each remainder by gll the pre-
ceding divisors, except the one which has produced it,
and add them together for the true remainder. - I have
now sufficiently explained what is generally termed
Short Division.



‘CHAPTER IX,

LECTURE 1V. CONTINUED.

Lowe Divisiow is precisely the same process as Short
Division, with this difference, that, instead of multi~
plying and subtracting mentally, we show the whole
operation at full length, which gives rise to the name
Long Division. This method should, however, only be
employed when the divisors are either incomposite, ot
‘very large. :

An easy method of finding the quotient figures in
Long Division is, first to see how often the left-hand
figure of the divisor is contained in the left-hand figure
or figures of the dividend, which we set down on the
right of the dividend, as the first quotient figure: se-
condly, the product of this quotient figure and divisor
we subtract from the first portion of the dividend ; and,
thirdly, to this remainder we annex the next figure in
the dividend, and afterwards divide this number in the
same way as we did the first for the second figure of
the quotient: this process we continue till all the
figures in the dividend are exhausted.

But when the product of the quotient figure multi.
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plied by the divisor is more than that part of the divi-
dend which we are dividing, we must make the quotient
figure so much less as that the product may not more
than equal that which we divide, because, in arithme-
- tical calculations, we cannot take a greater number
-from a less. .
And should our remainder at any time equal or ex-
ceed our divisor, it is evident, that, as the divisor is
contained once in such remainder, that we must make
our ‘quotient figure 1 more than that which produced
such remainder, from which it is evident that the
greatest remainder that can possibly happen, in any
division, is 1 less than the divisor. In dividing by 2,
the greatest remainder we can have is 1; when 3'is the
divisor, the greatest remainder will be 2; and, when
10 is the divisor, the greatest remainder will be 9, &c.

Example.
43) 79943 (1859 the quotient.
43
369
344
. 254
215

393
387

~ 6 remainder.
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Here we find the left.hand figare of the divisor, which
is 4, contained in the left-hand figute of the dividend,
which is 7, once; we, therefore, place 1 on the right
of the dividend, as the first figure of the quotient ; the
product of this quotient figure and the divisor is just
43, and 43 subtracted from 79 leaves 36, which is
precisely the same as saying 43 in 79,—once, and 36
over;® we now annex the next figure of the dividend,
which is 9, to this remainder, and we have therefore
369 to be divided in the same manuer ; therefore, 4 in
36, 9 times; but 9 times 43 — 387, and 387 is more
than 369, we must, therefore, (as we cannot take 387
from 369,) make our quotient figure one less; we, there-
fore, put 8 in the quotient; now 8 times 43 = 344,
and 369 — 344 = 25; to this remainder we annex
the ‘next figure in the dividend, which is 4, and we
have 254 as the next number to be divided ; then 4 in
25, 6 times, and 6 times 43 being 258, which is greater
than 254, we must put only 5 in the quotient; 5 times
43 = 215,and:2564 — 215 = 39; we now annex the
last figure of :the dmdend whlch is 3, and we have‘
393 to divide by 43; then we say 4 in 39, 9 times;
and; 9 times 43 ‘=387, and 393 — 387 = 6; the
quotient is, therefore, 1859, and 6 of a remainder.

# It is probable that the young pupil may enquire, how this me-
thod of finding the quotient figiires gives the correct ones? Answer.
—If the product of 43 X 1 (the first quotient figure,) be ziet more
than 79, and if afier subtracting 43 from 79, the -remainder ‘should
be less than the divisor, the quotient figure is perfectly correct, and
this will hold good with all the other quotient figures. :
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We are compelled to use the above method with in-
composite numbers,because our common multiplication
table goes no higher than 12; but if we had a table’as
high as 43, the above division might be done the short
way, as follows :—

43) 79943

1859 quotient, 6 remainder.

43 in 79, once, and 36 over; in 369, 8 times, and. 25
over; in 254, 5 times, and 39 over; and in 393, 9
times, and 6 over, which just gives the same quotient
and remainder as by Long Division.

I am of opinion, that if a multiplication table raised
to three or four places of figures, counld be got by heart
by our young arithmeticians, that Britain would have
to boast, not of one Zerah Colburn only, as America
does, but of many ; nay all her youth might soon, in
this case, be justly esteemed the wonder of the world ;
for most of their calculations might, by this means, be
performed mentally, and almost instantameously, and
the divisions in the above example might, therefore, be
performed as easily as dividing by any number wathln
the limits of our present table.

From the foregoing rule and example, it plainly ap-
pears that the division by any number, however high, .
is as simple as by the divisor which we there employed.
Let us, then, divide 123456789 by 76325 :—

2
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76325) 123456789 (1617 quotient
76325

471317
457950

" 133678
76325

573539
534275

39264 remainder,

Here, as in the former example, we see how often 7 is
contained in 12; then in 47; then in 13 ; and, lastly,
in 567; so that the division by this high number is
equally simple as that by 43.

When, after any figure in the dividend is annexed,
the divisor is not contained once in the number thus
augmented, a cipher must be put in the quotient, and
the following figure-of the dividend annexed as a new
dividual.®

" -Thus 57 ) 5923 (103 quetient.
57

223
171

52 remainder.

® A dividual is the number produced at each. annexation of the
figure from the dividend.
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Here we see that 57 is contained once in 59, and 2
over, but in 22 not any times; we, therefore, put a
cipher in the quotient, and-then 57 in 223, 3 times,
with a remainder of 52; the quotient is, therefore,
103, and 52 over. .

To divide by 10 is just the reverse operation of mul-
tiplying by 10; consequently, in a division by 10, the
units’ place is the remainder, and the other places the
quotient. When 100 is the divisor, the units and tens
are the remainder ; and, to divide by 1000, the units,
tens, and hundreds, are the remamder, and the other
places the quotient.

In fact, to divide by any number whatever, composed
of ciphers, with unity on their left, is merely to cut off
from the right of the dividend as many places as there
are ciphers in the divisor for the remainder, and the
other places will be the quotient :—

Dividends. Divisors. Quotients. Remainders.
Thus 1234567 = ... 10 = 123456,and . . . 7
1234567 = .. 100 = 12345,and .. 67
1234567 = . .1000 = 1234, and . . 567
1234567 =~ 1000000 = 1,and 234567

So that whatever significant figures we may have on

the left of the ciphers in a divisor, we mark off the .
figures of the dividend, as stated above, and afterwards

divide by the significant figares only; so that in dividing

7896473 by 12000, we cut off three figures from the

right of the dividend, and divide by 12 only :—
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Thus 12) 7896 | 473

658 quotient, and 473 remainder.

" Let us now divide 789670000 by 270,000 :
Here there are four ciphers to the right of the signi-
ficant figures in the divisor ; we, therefore, cut off four

figures from the right of the dividend, and divide by
27 only :—

9) 789670000
Thus 27

3) 8774-1

2924-2 x9+4+1=19 '

But as this remainder happens to be at the fifth. po-
sition from the right, it is, therefore, raised toits proper
value, by annexing four ciphers ; the proper remainder
is, therefore, 190000, or, which is the same thing, an-
nexing the figures cut off to the remainder, found as

above, will produce the proper remainder.
This can be clearly seen from performing the same
operation by Long Division,without any contraction:—
Thus 270000 ) 789670000 ( 2924 quotient, as before.

540000

2496700
2430000

667000
. 540000

1270000
1080000

And 190000 remainder, as before.
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Let us next divide 176504 by 9000 : —
9) 176 | 504

19 quotient, and 5 over. '

To this 5 we now annex 504 (the figures cut off); the
true remainder is, therefore, 5504,

But, should there be no remainder after the division,
the figures cut off are the true remainder. Thus, di-
vide 723246 by 80000 :—

8) 72 | 3246

9 quotient, and nothing over : the true
remainder is, therefore, 3246.
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CHAPTER X.

LECTURE V.

Sequel to Multiplication and Division, with Proofs of
Division, &c.

As the division by 10 has already been so clearly ex-
hibited, that by 6 will, of course, be no difficult
matter, by employing multiplication; for any number
divided by 10 is that number wanting the units’ place
as the quotient, and the units’ place as the remainder;
double of this tenth part will give the fifth part: we
have, therefore, but to cut off the units’ place, and
multiply by 2, for-our division by §:—

Thus 76 | 3==5
2

152 quotient.

And, as the figure cut off is not 5, nor above 5, we
have, therefore, 3 as the remainder in this case.

But when 5, or a number greater than 5, is cut off,
since 5 is contained in it once, we add 1 to the product,
and what is over, after such deduction, is the true re-
mainder :— . :

x
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Thus 76 | 75
2

152

Here the figure cut off is 7, which is 2 above 5; we,
therefore, add 1 to 152, which gives us 153 as the
quotient, and 2 as the true remainder.

But this may also be managed as follows :—Multiply
the dividend by 2, the units’ place will be double the
remainder, and the other places the guotient.

Let us take the last example:~

7675
2

153 | 4=153 quotlent, and hal’f of 4_2 the re-
mainder, as before.”

The multiplication by 5;may, .t.here.fme, ;be ‘magaged
by annexing a gipher to the multiplicand, and after-
wards dividing by 2, begause:5 is;the half-of 10. . Let
us, therefore, multiply 767 by 5 :— '

Then 2) 7670

3835 the pr_qdi:di.

For 767 ,x .5 = 3835, as.before.... ;

The division by:26.is the: hundredth part mnlnplwds
hy 4; weihave;-therefore, only -to: divide. by i00,.by
cutting off two figures,-apd afterwards:to multiply -by
4, because 25 is. the fourth part of 100, m‘,rather be-
cause 100 is 4 times 25:— PR

—— A o

. . e
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Thus 79 | 60 =25
4

316
60= 2-10

p———

.~ 318 qudtient, and 10 remainder.

.

Here we have cut off 60, but 60 is a remainder which
we cannot possibly have in dividing by 25, for there
are 2 twenty-fives in 60, and 10 over; we, therefore,
add 2 to the product by 4, which produces 318 as the
quotient, and 10 is the remainder.

Again, let us first multiply the given dividend by 4,
and afterwards divide by 100, the figures cut off will
just give 4 times the remainder, and the other places
the quotient :—

Thus 7960 = 25
4

318 | 40=318 quotient, and 40 =~ 4==10 remainder,
as before. .

The multiplication by 25 may be performed by an-
nexing two ciphers, and dividing by 4, since 25 is the
fourth of 100: let us, therefore, multiply 327 by 25:—

. Then 4) 32700

8175 the product.

For 327 x 25 = 8175, as before.
The division by 75, which is 3;times 25, may be per-
formed by dividing the quotient of 25 by 3 :—
E2
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Thus 7960 = 75
4

3)318 | 40=318 quotient, and 40= 10 remainder, as
—_— 4 before.

106 quotient, and 10 remainder.

The multiplication by 75 may be performed thus:
annex two ciphers, then multiply by 3, and divide by
4, for 300 divided by 4 is equal to 75.

Thus, to multiply 3275 by 75 :—

327500
-3

4) 982500

245625 the product.
For 3275 x 76=245625, as before.

The division by 125, which is 5 times 25, is done by
dividing by 5, where 3 is used in the last case : —

Thus 7960 = 125
4

5) 318 | 40=318 quotient, and 40--4=10 rem.

63 required quot. and 3 (25’s) over = 75;
And 75 4 10 = 85, the true remainder.

The remainder, in this case, requires some explana-
tion: in the division by 5, we have a remainder of 3;
but these 3 are certainly three 25’s, for the other di-
visors, by the usual way of dividing by component
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parts, must have been 5 and 5, for 5§ x 5 x 5 = 125,
our divisor ; consequently three 25’s, or 75, added to our
first remainder, 10, gives us 85 as the true remainder,
which may be seen by dividing by 125 by Loog Di-
vision: thus—

125) 7960 (63 quotient. -
750

460
375

85 remainder, as before.

But the same calculation may be performed thus:—
the thousandth part of 8 times the dividend will give
the quotient; and the eighth part of the figures cut off
will be the true remainder : thus —

7960 = 125
8

.63 | 680 = 63 quotient, and 680 - 8 = 85, remain-
der, as befére.

Annex three ciphers, and divide by 8, for the mul-
tiplication by 125 ;. for annexing three ciphers is mul-
tiplying by 1000, and the eighth part of 1000 is 125*

t s— .

8) 7960000

995000. the product.
For 7960 x 125 = 995000, as before.

From what has been said on the above contractions,



78 ANALYSIS OF INTEGERS.

the multiples of 5 takén to any height may be easily
managed by the same parity of reasoning.
To multiply and divide; therefore, by 625
3125
16625
and 78125, &c. Ishall
leave to the ingenuity of my readers.

CHAPTER XI

LECTURE V. CONTINUED.

To divide by any number of 9’s: —

‘When thiere-is but one 9 in the divisor, begin at the
units’place of the dividend, add'to it all the’ digits-on its
left, carrying as in Addition; then commence at the
tens’ place, add it and all the digits on its left, then at
the hundreds’ place, adding it and the digits on
its left in the same manner, and so ontill in this way
‘you have employed each figure in the dividend, detting
the figure at which you commence ¢ach addition, by
which means you prevent the omission of an addmon,
as well as  adding any twice :—

Ezample.
Divide 7426 by 9

7426

- s

82419
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Itis here necessary to observe, that if there be any car-
riage to the units’ place of the quotient, that the same
carriage must be added to the units’ place of the re-
mainder; and if, after this addition, all the places in
the remainder be 9’s, the quotient must be reckoned 1
more, with no remainder.

It will be seen from the following additions, (agree-
ably:to the rule) that 1 was carried to the units’ place of
the quotient :~—thus

Amts. .
6+24+4+4+7=19..9'and carry 1
1424447=14...4 and carry 1
14447 =12..24dnd carryl

And 147 = 8

The units’ place of the several amounts gives us the
places of the quotient and remainder ; thus, commenc-
ing at the bottom.of the column, we have 824 as the
quotient, and 9 as the remainder. But the proper
quotient is 825, with a remainder of 1, for in the above
addition it appears that we carried 1 to the units’ place
of the quotient, namely, from 19 ; therefore 1 must be
added to the remainder, 9, which gives us 10; but 10 is
1 more than our divisor, 1 must, therefore, be added
to our former quotient, which gives us 825, with the
true remainder, 1.
Let us naw divide 6247 by 9: —

. [ .

6247
6939
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The following are the additions :—

: ‘ "Amts, '
74+24+446=19, 9 and carry 1
1444246=13, 3and carry 1 -
14246 =9

And6

[y

Here we carried 1 to the units’ place of the quotient;
1 must, therefore, be added to the remainder, which
gives us 10, as in the last example, for which we must
add 1 more to the quotient, which gives us 694 as the
true quotient, and 1 as the true remainder.

Another example will be sufficient. .

Divide 2137 by 9 :—

213|7

2 37 | 3= 237 quotient, and 4 remainder. - -

For 74+3+1+4+2=13, 3 and carry 1
1434142=7
142 =3
And 2

Here we have 237 as the quotient, and, having carried
1 to the units of the quotient, the true remainder is,
therefore, 3 4 1=4, which is less than 9; the units of
the quotient must not, therefore, be increased.

When there are two 9’s in the divisor, begin at the
units’ place, adding every alternate figure, doing the
same at the tens’ and hundreds’ places, &c.
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Let us divide 7632984 by 99 :—

7632982
77100 |83=77100 quotient, and 84 remainder.

Amts,
For4+943+47=23, 3andcarry2
24842+ 6=18, 8andcarryl
14+9+4347=20, Oandcarry 2
24246 =10, Oandcarryl
14347 =11, landcarryl
146 =7
And 7

Here we carried 1 to the units’ place of the quotient;
the true remainder is, therefore, 84; and, as the re-
mainder does not amount to 99, the quotient will be
77100.

In fact, whatever may be the number of 9°s of which
the divisor is composed, we have but at each addition
to omit as many places less one on the left of each
digit as there are 9's in the divisor, and then mark off
with a perpendicular line as many figures from the
units’ place of this sum as there are 9’s in the divisor.

Let us now divide 674854 by 999 :—

674|854

675 | 52 8=675 quotient, and 529 remainder.
" E3

4
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For 444= 8
54+7=12, 2-and carry I
148+46=15, 5andcarry 1

144 =5

7

And 6

Let us next divide 123456789 by 99999 —

1

lO "W
W W

4|
4|

(%] e

6789
8023

For 9+4=13, 3and carry ¥
14+843=12, 2 and carry }
14742=10, 0 and carry k
14+46+1= 8 -

0 Wb O

The quotient is, therefore, 1234, and 58023 as a re-
mainder.

In like manner we may divide by any multiple of 9’s,
by first dividing by the number which produces such
nultiple, and then by the number of 9’s ; therefore, to
divide 79832 by 198, we ﬁrst divide by 2, then by 99,
for 99 x 2 = 198 t=
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Thus 9) 79832--198
399 | 16

, 403 | 18=403 quotient, and 19 over.
But 19 x 2 = 38, the true remainder.

And to divide by 39996, we first divide by 4, then by
9999, for 9999 x 4 = 39996 :—

:

Thus 4) 79832
19958
1| 9959= 1 quotient, and 9959 over.
But 9959 x 4 = 39836, the true remainder.

Lastly, to divide 123456789 by 5999994, we first
divide by 6, then by 999999, for 999999 x 6 =
5999994:—

Thus 6) 123456789--5999994

20 | 576131 —3

20 | 576151=20 quot. and 576151 over.
Bat 576151 x 6 = 3456909, true remainder.

(To find the different multiplying figures of any
multiples of 9's, see p. 87.)

From what has been advanced on the division by any
number of 9s,it is evident that the quotient of the division
by any number of 1’s,2’s, 3’s,4’s, or 5’s, &c. may be very

1
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easily found. Thus, it is obvious that the quotient by
any number of 9s will just be the 9th part of the quo-
tient by the same number of 1's, consequently 9 times
the first quotient will give the quotient by such a num-
ber of 1’s; half of this will be the quotient in a division
by 2’s; third of this for 3's, &c.

First, let us divide 79654 by 111

791654
79| 733 =179 quot, and 733 rem. in dividing by 999
-9

711
6|67 =733 =111

717 quot. and 67 rem. in dividing by 111.

Secondly, let us diyide 79654 by 222 :—~

79664

9

711
6] 67

79 (733 = quotient and remainder by 999.

2)717 | 67 = quotient and remainder by 111. .

358  quot.by 222, and 1 over; but this remainder
is 1 (111) = 111; and this added to the former re-
mainder, 67, gives 178 as the true remainder.
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Thirdly, let us divide 79654 by 3333 : —

7 | 9654

7 ] 9661 quotientand remainder by 9999.
9

63
8| 773 = (9661 = 1111)
3)71| 773 quotient and rem. in dividing by 1111.

23 quotient by 3333, and 2 over ; but this remain-
"der of 2 = 2 (1111’s) = 2222, which, added to the
former remainder, 773, gives us 2995 as the true re-
mainder. :
But the above quotient and remainder would have
been found by multiplying the division by 9999 by 3,
since 9999 = 3 = 3333, our divisor :— '

Thus 7 | 9661=quot. and rem. of 79654 -= by 9999.
3
21
2 | 2995

23 quotient, as before, and 2995 remainder.

Here we have a remainder of 9661 ; but our divisor
(3333) is contained in this twice, and 2995 over: this
we have, therefore, added to the product by 3.

The division by any number of 6’s may either be
performed by the first rule, or—as the above sum is
done— by the additional division by 2, because the di-
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vision by any number of 6's is just half of the division
by the same number of 3’s :—

Thus 7] 9661 quotientand remainder by 9999,
3

21
2 | 2995

2) 23 | 2995=quotient and remainder by 3333.

11 quotient by 6666, and 1 over; but this re-
mainder is 1 (3333), and, added to 2995, gives us 6328
as the true remainder.

As dividing by any number of 5%, 7’s, or 8’s, is ma-
naged precisely as directed in the rule, and in the same
manner as the first three examples which follow the
rule, it is unnecessary to give these divisions here.

When the multiplier (in finding the product of two
numbers) is a multiple of any number of9’s, we multiply
first by the number which produces this multiple, and
afterwards find the product by as many 9's less one
than there are places in the given multiplier. Thus,
suppose it were required to multiply 765 by 29997 : —

-As 9999 x 3 = 29997, our multiplier.

... 765
3
Then 22950000 (see p. 45.)
2295

22947705 = product by 29997.
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When the multiple is produced by any of the nine
digits, the multiplying digit may be very easily known,
for the highest and lowest places of the multiple are
the tens’ and units’ places of this digit multiplied by
9, therefore the 9th part of this product will produce
our multiplying digit, and the number of 9’s will just
be 1 less than the number of places in the given mul-
tiplier, or as many as there are units in the multiplying
digit, which may be observed from the following table :—

198 here 18-+9=2, and 99%3=198

2997 — 27-49=3, = 9993¢3=2997
39996 — 86+9=4, — 9999 x 4=39996
499995 — 459=5, — 99999 x 5496995
5999994 — 54--9=6, — 999999 ) 65999994
69999993 — 63+9=7, — 9999999 % 7=69999993
799099993 — 72+9=8, — 99999999 8=799999992
8999999091 — B81:-9=9, — 099999999 9=8999999991

Let us now multiply 765 by this last number, which
is 8999999991 : its multiplying digit we knowis 9:—

.. 7650
765

m—

6885000000000
6885

+ 6884999993115 the product.
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CHAPTER XII.
LECTURE V. CONTINUED.

WeE shall now proceed to the multiplication and divi-
sion by mixed numbers, which are numbers composed
of integers or whole numbers, and fractions.

1. When the multiplier is a mixed number, we first
multiply by the integer, aund to this we add the result
produced by multiplying the multiplicand by the upper
figure or numerator of the fraction divided by the lower
figure or denominator.

Thus, to multiply 724 by 2§ : —
724 724

2 3
1448=2 8)2172
2714=% S
— 2714=3%

".*. 1719% the product by 2}.

Or it may be done in this way :—multiply the integral
part of the multiplier by the lower figure of the fraction;
adding theupper; then multiply the multiplicand by this,
and divide the result by the under figure of the fraction ;
this will give the desired product.

Let us take the above example :—
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First 2x8+43=19

Then 724
19
8) 13756

17194 the product, as before.

It is evident, that since we have here multiplied our
multiplier by 8, that the result will give us just 8 times
the product which we want; the 8th part of this will,
therefore, be the required product.

Let us now multiply 724 by 5§ :—

724 794

5 -
3620=5 9) 5068
-563§=3% [—
— . . 56( =';.
4183% the product by 5. i
Or, _
First 5x947=52
Then 724
52
' ' 1448
' 3620

9) 37648 : )

4183§ as before.
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And in Division, when the divisor or dividend con-
tains a fraction, it may be removed by multiplying both
by the denominator.

Thus, to divide 327 by 24 :—

21 327
4 - 4

9) 1308
145§ the required quotient.

And, to divide 5644 by 10 :—

10 5643
7 7
70) 39511

56 44 the required quotient.

Had wey in the first example, only multiplied our
divisor by 4, the result would have been but the 4th part
of the required quotient; and had we only multiplied
the dividend by 4, the result would have been 4 times
the required quotient ; but since we have maultiplied
both by the same number, the division by these new
numbers must, of course, give the proper quotient.
For instance, 8<-2=4, and 4 times 8, or 32, divided
by 4 times 2, or 8, is 4also. Or, suppose that 2 persons
each build 8 yards of a wall in 4 days, it is evident that
4 times these yards can be built by 4 times the number
of persons in precisely the same time, It is clear,
then, that when the divisor and dividend are increased
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in the same proportion, théit the result must be the
same as dividing the original dividend by the original
divisor.

2. When both factors are mixed numbers, we mul-
tiply the integral partof each factor by the denominator
of its fraction, adding the numerator; then the product
of these new factors, divided by both denominators, or
by the number of which they are the component parts,
will give the product required.

Thus, to multiply 724 by 393 : —

First 72'x241=145, and 39 x443=159
Then 145
159
1305
2175

2) 23055

4) 11527 1

2881 3x241=7=1.

The product of 724 x 394 is, therefore, 2881f; but, as
2 and 4 are the component parts of 8, the division of
23055 by 8 would evidently have produced the same
result.

Let us now multiply 374% by 567%:—
First 374 x 64+1=2245, and 567 x 54+4=2839.
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Then 2839 °
2245

14195
11356
5678

5678

Now6 x 5=3 | 0)637355 | 5

— —

21245];% the required product.

In dividing one mixed number by another, we first
prepare them in the same way as we did in Multipli-
cation, and afterwards multiply the new dividend by
the denominator in the divisor, and the new divisor by
the denominator in the dividend, and afterwards divide
by these last results, in the usual way.

Let us divide 7563;- by 643 :—

First 7653 X5+44=37819, and 54 x 7 4-3=381
Then 7 Then 5

. 264733 1905
Now 1905) 264733 (1384}4# the quotient.
1905

7423
5715

17083
15240

1843 remainder.



ANALYSIS OF INTEGERS. 93

It is obvious that the divisor is multiplied by 7.and 5,
and the dividend by 5 and 7 (the component parts of
35); they are, therefore, increased in the same pro-
portion,—the method of dividing is, consequently,
correct.

One way of proving Division is to multiply the quo-
tient by the number which we employed as a divisor,
the result will be the dividend, if the quotient has been
correctly ascertained ; for in whatever proportion any
number has been decreased, this has but to be increased
in the same proportion to bring it back to what it was
origixally.

Thus 2) 79624

IS

39812 the quotient.
2

———

79624 the proof. i

Therefore, to prove Multiplication, we have but to de-
crease the product in the same proportion in which we
increased the multiplicand :—

Thus 7564
2

2) 15128 the product.

7564 the proof.

Or if we subtract the multiplicand as many times as
there are units in the multiplier, there will be no re-
mainder, if the product be correct:—
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Thus 1574
4

6296 the product.
1574 (1)

—

a7 -
1574 (2)

3148
1574 (3)

1574
1574 (4)

. « . the proof.

Two other methods of proving Division will close
this part of the subject :—

1st. If we subtract the remainder from the dividend,
and divide what is left by the quotient, the result will
be equal to the former divisor :—

Thus  7) 5479

782 5 quotient and remainder.

Now from 5479
*  Subtract 5

782) 5474 (7 the former divisor.
5474
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2dly. If we add together the remainder, and all the
products of the several quotient figures, according to
the order in which they stand in the work the sum will
be equal to the dividend :—

Thus  43) 6798 (158 quotient.
43

249

215
348
344

4 remainder.

Then 43
215
344
4 remainder.

6798 proof.

The Four fundamental Rules of the science of Arith-
_metic have now, it is presumed, been thoroughly in.
vestigated ; and the Author now concludes by assuring
his readers that a very little attention on their part is
all that is necessary to acquire a solid knowledge of
this very interesting and useful branch of education,

END OF THE ANALYSIS OF NOTATION, NUMERATION,
AND THE FOUR FUNDAMENTAL RULES
OF ARITHMETIC.






APPENDIX.

DOMESTIC CAIﬂlILATIbNS, PERFORMED MENTALLY.

1. When the quantity is 12 :—

Reckon a shilling for every penny in the price:
therefore, .sixpence for a halfpenny, threepence for a
farthing, and ninepence for three-farthings.

Ezxamples,

1st. 12 yardsat 1d. each = 1s. answer.
2d. 12 yardsat 1id. each = ls. 6d.

3d. 12 yardsat 2}d. each = 2s.9d.
4th. 12 yards at 1s. 1d. each =13s.

5th. 12 yards at 3s. 4d. each = 40s.

6th. 12 yards at4s. 74d. each = 55s. 9d.

Reflections.
It is sometimes easier to make the quantity the price,
and the price the quantity: thus—
1st. 12 yards, at 1d. or 1 yard, at 12d.=1s. ans.

2d. 12 yards, at 1§d. or 1{ yard, at 12d.=1s6d.
: ¥
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Otherwise :—

3d. 12 yards at 23d. is 12 at 2d. = 2s. 0d.
12at 4d. =  6d.
And12atid.=  3d.

. 12 yards at 23d. each = 2s, 9d.

2. When the quantity is any multiple of 12, or,
which is the same thing, any exact number of twelves :—

Find the value of 12, as directed in the first case,
and this multiplied by the number of twelves will be
_ the required value.

Ezamples.
1s. X 2 = 2s8. ans.
1s.6d. x 3 = 4s.6d.

1st. 241bs. at 1d.
2d. 361bs. at 13d.
3d. 48 Ibs,at 2}d. 28.3d.x 4 = 9s.
4th. 601bs.at 33d. 3s.9d. x 5 =18s.9d.
5th, 72 Ibs, at 1s8.13d. = 138, 6d. x 6 =8ls.
6th. 84 lbs. at 2s. 2d. = 26s. %7 =182s.

Reflections.

 1st.24 Ibs. at 1d, or 1 lb. at 2s5.==2s. ans.
2d. 36 1bs. at 12d. or 1§1b. at 3s.=3s. +1s.6d.=4s.6d.
3d. 48 Ibs. at 23d. or24lb. at 4s. =8s. 4 1s.=9s.

3d. When the quantity is 20 :—

The shillings in the price is the answer in pounds;
therefore, if there be sixpence in the price, reckon 10s.
more ; if threepence, 5s.; if fourpence, 6s, 8d.; if two-
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pence, 3s.4d.; and if one penny, 1s. 8d.: Or, one-
twelfth of the pence will be the answer in pounds:—

Ezxamples.

1st. 20 yards at 2s. = £2. amns.
2d. 20 yards at 3s. 6d. = £3. 10s.
3d. 20 yards at 4s. 3d. = £4. 5s.

Or,
 4th. 20 yards at 5s. 4d, = 64 = 12 = £5, 6s. 8d.
5th. 20 yards at 6s. 2d. = 74 -~ 12 = £6. 3s. 4d.
6th. 20 yards at 7s, 5d. = 89 - 12 = £7. 8s.4d.

Reflections.
1st. 20 yards at 2s. or 2 yards at 20s. = £2. ans.
2d. 20 yards at 3s.6d. or 3§ yards at 20s. = £3.10s.
3d. 20 yards at 4s.3d. or 4} yards at 20s. = £4. 5s.

'Note. The interest of any sum at 5 per cent. being

given to find the principal, may be easily ascertamed
by this rule.

Ezample 1. What principal, lent out to interest at
5 per cent., would produce yearly the sum of £1?
£1 = 20s. .. £20. ans,
Ezample 2. What principal will produce £7. 10s,
per annum ?

£7.108, = 150s. .*. £150. ans.
. r2



100 - . APPENDIX.

4. When the quantity is ar;y multiple* of 20:—
Find the value of 20, as in case 3d.; this, multiplied
by the number of twenties, will give the answer.

Ezxamples.
Ist. 40 gals.at 1s. =£1 00x 2= £2 00
2d. 60 gals.at 2s.6d.= 2 100x 3= 7100
3d. 80 gals.at 38.3d.= 3 50x 4= 13 00
4th.100 gals.at4s.5}d.t= 4 8 9x 5= 22 39
5th.180 gals.at19s.1d.= 19 1 8x 9=171'150
6th.200 gals. at1s.24d.= 1 4 2x10= 12 18

qulections; :
Ist. 40gals.at Is. orl gal. at£2=£2 00
2d. 60 gals. at 2s. 6d. or2} gals. at 3= 7100
3d. 80 gals. at 3s.3d.or3; gals. at 4= 13 0-0
Or, 6th. 200 gals; at 1s.24d. each is—
200 shillings £10 0 0

200 twopences (400d.) = 113 4
200 halfpence (100d.) = 0 8 4

£12 1 8 answer.

* The maultiple of any number is that number repeated any integral
number of times.
t20at 45 =£400
20at 5. = 08 4.
20at 3d.= 005

* 20 at 45.54d, = 489
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5. When the quantity is 24 :—

Reckon a pound for every 10d. in the price ; there-
fore, 10s. for 5d.; 5s. for 24d,; 2s. 6d. for 1}d.; 6d.
for }; and, consequently, 2s. for every penny. Or,
twice the pence is the answer in shillings: Or,
one-tenth of the pence, Orone-fortieth of the farthings,
is the answer in pounds.

Ezamples.
1st. 24 yds.at 10d. = £1 00
Or, 24 yds.at 10d. = 10d.x 2= 20s.=1 0 0
Or, 24 yds.at 10d. = 10d.-~10= 1 00
Or, 24 yds.at 10d. = 40d.--40= 1 00

2d. 24yds.at 74d. = 7is.x 2= 155.=0 150
3d. 24 yds.at 15.8d. = 20 x 2= 40s.=2 00
4th. 24 yds. at 38.93d. = 45§ x 2= 9ls.=4 11 0
5th. 24 yds. at 7s.43d. = 88} x 2=177% =8 17 6
6th. 24 yds. at 1s.1}d. = 13} x 2= 26} =1 6 6

Reﬂections.
1st. 24 yards at 10d. or 10 yards at 2s.=£1 0 0
2d. 24 yardsat 74d. or 7jyardsat2s.= 0 150

3d. 24 yards at 1s. 8d.or 20 yardsat 2s.= 2 0 0
Or,20-10= 2 00

6. When the quantity is 30: —
Reckon a pound for every 8d. in the price; there-
fore 10s. for 4d.; 5s. for 2d.; 2s. 6d. for 1d.; 1s. 3d.
F3
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for 3; 74d. for §; and 1s.10§d. for §. Or, one.eighth
of the pence is the answer in pounds.

Ezamples.

Ist. 30 pen-knives at 84d. each = £1 1 104, ans.
Or,£8 150 =8 = £1 1 104. .

2d. 30 scissors at 1s. 8d. each = £2 10 0.

Or,£20 -8 = £2 10 0,

3d. 30 hair-combs at 2s. 74 each = £3 18 9.
Or,£31 10 -8 =£3 18 9.

4th. 30 oranges at 13d. each = £0 4 44.

' Or,£1 15 -8 =£04 44
5th. 30 books at 3s. 9d. = £45--8=£5 12 6.
6th. 30 thimbles at 2s. 4d.=£28-=-8=£3 10 0,

Reflections,
Istt  30at8d. =240d. =£1 0 0
30atyd. = 15d.= 01 3
30 atid. = 00 7%
.30 at 83d. = 11 10% ans.
2d. 30atls. = 30s.= £1100

30at8d. =240d.= 1 00

.». 30 at 1s. 8d, = 2 10 O ans.

7. When the quantity is 40:,—
Reckon a pound for every 6d. in the price; there-
fore, 10s. for 3d.; 5s. for 14d.; 2s. 6d. for #d; 10d.
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for 1d.; and 1s. 8d. for 4d, : OF, one-sizth of the pence
is the answer in pounds.

Ezamples.

1st. 40 yards at 1s.6d. each = £3 0 0, ans.
Or, £18 = 6 = £3.
2d. 40 yards at 28.9d. each = 5 10 0
Or, £33 -6 = £5 10
3d. 40 yards at7s.64d.each =15 ] 8
4th. 40 yardsat4s.3}d.each = 8 12 6
5th. 40 yardsatls.1id.each= 2 4 2
6th. 40 yardsat 53d. each= 0 18 4
Note. The above examples may also be managed as
in Case 3. .
Reflections.
1st. 40 at 1s.6d. or 13d, at 40s. = £3 0 0 ans.
2d. 40 at2s.9d. or 23d. at40s. = 510 0

Otherwise : =
1st. 40 yardsatls. = £2 0 O ans.
40 yardsat 6d.= 100

<+ 40 yardsat1s.6d.= 3 0 O ans.

2d. 40 yardsat2s. =£4 00
40 yardsat 6d.= 1 00
40 yardsat 3d.= 0100

% 40 yardsat?.9d. = 5 10 0 anms.
¢
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8. When the quantity is 48:—

Reckon a pound for every 5d. in the price; there-
fore, 10s. for 2d}.; 5s. for 11d.; 1s. for %d., &c.: Or,
the farthings in the price divided by 20, Or the pence
divided by 5, will be the answer in pounds.

Ezxamples.
Ist. 481bs.at 55 =1L 2s. ans.
Or, 22! = 20 = 11.2s.

Or, 50.10s. =5 = 11 2s.
2d. 481bs. at 6s. 83d. = 16l 3s.

Or, 323l. = 20 = 16l. 3s.
3d. 48 lbs. at 45.73d. = 111 1s.
4th. 48 lbs. at 25. 9d. = 33l. = 5 = 61.12s.

5th. 48 lbs. at 5s.44d. = 641. 10s. = 5=12l. 18s.
6th. 48 1bs. at 10s. 6d. = 1261, = 5 = 25l. 4s.

Reflections.
1st. 48 at 53d. or 5% at 4s. = 11.2s. ans.
4th. 48 at 2s.9d. or 23 at 48s, = 61. 12s.
6th. 48 at'10s.6d. or 104 at48s. = 25L 4s.
Or, 48 at 10s. = 24l
48 at 6d. = 1l 4s.

48 at 10s. 6d. = 25l. 4s. ans.

9. When the quantity is 60 :—
Reckon a pound for every 4d. in the price; there-
fore, 10s. for 2d.; 5s. for 1d.: 25.6d. for 1d.; 1s.3d. for’
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3d.: Or, one-fourth of the pence will be the answer in
pounds.

Ezamples.
Ist. 60 yardsat 6d. = 1I. 10s. ans.
Or, 6. == 4 = 1l. 10s.
2d. 60 yards at 73d. = 11 185.9d.
Or, 71. 15s. =4 = 11. 185, 9d.

3d. 60 yards at 1s. 14d. = 13l. 55.--4=3I. 6s. 3d.
4th. 60 yards at 2s. 3£d.=27[. 10s.-~4 = 61.17s.6d.
5th.

60 yards at 55. 43d. = 641 155.-+ 4 = 161.35.9d.
6th. 60 yards at 4s. 9d. = 671. = 4 = 14l. 5s.

Reflections.
1st. 60 at 6d. or 6 at 5s. = 11. 10s. ans.
Or, 60 sixpences = 30s. = 1. 10s.

2d. 60 at 73d. or 7} at 55, = 1. 18s. 9d.
Or, 60 sixpences — 1/, 10s. 0d.
60 pence = 55 0d.
60 halfpence = 2s. 6d.
60 farthings =  1s. 3d.
.. 60 at 74d. 14. 18s. 9d.

10. When the quantity is 80 :—

Reckon a pound for every 3d. in the price; there-
fore, 10s. for 11d.; 5s. for 4d.; 1s. 8d. for 1d.; and 3s.4d.
for 1d.: Or, the pence divided by 3, Or the farthings
by 12, will be the answer in pounds.

6
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Examples.

Ist. 801Ib. at3d. =11 ans.
Or,3l. =3 =11
: Or, 12l =12 =1L
2d. 80 Ib. at 74d. = 2. 10s.
Or, 71. 10s. = 3, or 301 - 12 = 2. 10s.

3d. 801b. at 9%d. = 91. 155. = 3 = 31, 55.-
4th. 80 Ib. at1s. 13d, = 131.55. == 3 = 4L 8s. 4d.
Sth. 80 Ib. at 2s. 24d. = 261 10s. <~ 3 = 81. 16s. 8d.
6th. 80 1b. at 3s.33d. = 390.15s. - 3 = 131, 5s.

Refilections. . -
Ist. 80 lbs. at 3d. or 3 lbs. at 6s. 8d. = 1/. ans.
Or, 80 threepences = 40 sixpences = 20s. = 1L
2d. 80 Ibs. at 73d. or 74 lbs. at 6s. 8d. = 21. 10s.

-Or, 80 sixpences = 2. 0s. 0d.
80 pence =  6s. 8d.
80 halfpence = - 3s. 4d.

80 lbs. at 73d. = 21.10s.0d.

11. When the quantity is 96:—
One-tenth of the farthings is the answer in pounds.

Ezamples.

Ist. 961bs.at 24d. = 10 =10 = 1.
2d. 961bs. at 33d. = 15 =10 = 11.10s..
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3d. 961bs.atls.84d.= 8110 = 81.2s.
4th. 96 1bs, at 25.64d.=122--10= 121 4s.
5th. 96 Ibs. at 3s.4d.=160--10= 161
6th. 96 lbs. at 113d. = 4710 = 4I. 14s.

Reflections.

As 96 pence are 8s.—
.». 96 articles at 2d, each is the same as 2 articles at
8s. each.

12. To find the value of 100 :—

Multiply the pence in the price by 5, and divide by
12, for the answer in pounds.

Ezxamples.

1st. 100 yards at 5d. = 25 <+~ 12 = 2l. 15. 84. ans.
2d. 100 yards at 7d. = 35 <~ 12 = 2. 18s. 4d.

3d. 100 yardsat 1s. = 60 <= 12 = 5l.

4th. 100 yardsat 15.9d=105-=-"12 = 8. 15s.

5th. 100yardsat2s.6d.=150<- 12 = 121. 10s,

6th. 100 yardsat3s.4d,=2Q0--~ 12 = 16 13s. 4d.

13. To find the value of 1 cwt. at a gwen rate
per lb.

To twice the number of farthings add one-third of
the farthings: the amount will be the anst®er in -
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shillings : Or, one-third of the farthings multiplied by
7 will give the same.

- Ezample.

1 cwt. of sugar at 93d. per lb.
Twice 39 = 78 shillings,
And § of 39 =13

91=%£4 1ls. ans.

Or, 39-+-3=13, and 13 x 7=91, ans.
Or, 39 x 7

=91, ans.
3

15. When the quantity is 120 : —

Reckon a pound for every 2d. in the price; there-
fore 10s. for every 1d.; 5s. for d.; and 2s.6d. for 4d.:
Or, the pence divided by 2, Or the farthings by 8, will
be the answer in pounds.

Ezxamples,

1st, 120 yards at 53d. = 2L 15s. anms.

Or, 50.10s. - 2 =21 15s,

Or, 221 =+ 8 = 2L 15s.
2d. 120 yardsat 73d. = 3.. 17s. 6d.
Or, 70 15s. +2, or 31L& =+ 8 = 31 17s. 6d.
3d. 120 yards at 1s. 14d. = 131 5s. == 2 = 61.12s.6d-
4th. 120 yards at 2s, 3d.=271.10s. = 2 =131. 15s.
5th. 120 yards at 3s. 93d. = 45L15s. =~ 2=221.175.6d.
6th. 120 yards at 1s. 5d. = 171. = 2 = 81 10s.
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Reflections.

1st. 120 yards at 5}d. or 5§ yards at 10s. = 2. 15s.
2d. 120 yards at 73d. or 7§ yards at 10s, = 31.17s.6d.

Or, 120 sixpences = 60s. = 3. 0s. 0d.
120 pence = . 10s. 0d.
120 halfpence = 60d. =  5s, 0d.
120 farthings = 30d. =  2s. 6d.

o~ 120 yardsat73d, = 31.17s. 6d.

15, When the quantity is 240:—

Reckon a pound for every penny in the price;
therefore, 10s. for a halfpenny; 5s. for a farthing : Or,
one-fourth of the farthings will be the pounds.

Examples.
1st. 240 1bs.at 1ld. = 1ll. ans.
2d. 240 lbs, at 23d. = 24 5s.
3d. 2401bs. at 3jd. = 3L 15s.
4th, 240 lbs, at 4d. = 4l
5th, 240 lbs.at 4}d. = 41 10s.
6th. 240 lbs. at 113d. = 111 16s.
7th. 240 lbs. at 1s.84d. = 207, 10s.
8th. 240 lbs. at 2s.4d. = 281,

. Reflections.
As there are 240 pence in a pound— )
.~.240 articles at 2d. each is the same as 2 articles
at 1/.each. And
240 at 53d, = 5% at 1. = 5I. 10s.
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16. To find the value of 313 articles, or, which is
the same thing, the yearly outlay, reckoning the
working-days only. '

For every penny in the rate add together as many
sovereigns, crowns, shillings, and pence :—

' Ezample.

What should I give my gardner in the course of a
year, at 3s. 4d. per day, Sundays excepted ?

For 40d. say £40 00
40 crowns 1000
40 shillings 2040
40 pence 34
A 52 3 4 aus,

17. When the quantity is 360 —
One-half of the pence added to themselves will be
the answer in pounds.
Ezxamples.
lst. 360 yardsat 2d, = £3 0 0, ans.

2d. 360 yardsat 3d. = 4100
.3d. 360 yardsat 4fd. = 6 150
4th. 360 yardsat 7d- = 10 100

5th. 360 yards at 84d. = 12 7 6
6th. 360 yards at 2s:9d. = 49 10 0
18. To find the value of 365 articles, or, which is
the same thing, to find the yearly expenditure at a
given rate per day.
For every penny in the rate add together ‘as many
sovereigns, half-sovereigns, groats, and pence.
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Example.

If I give my char-woman 1s. 4d. per day, how much
is that per year?

For 16d.say £1600
16 half sov. 800
16 groats 54
16 pence 14
24 6 8, ans.

19. When the quantity is 480—

Reckon 21, for every penny in: the price, Or 1. for
every halfpenny; Or, one kalf of the farthings will be
the pounds— :

Ezxamples,

1st, 480 1lbs.at 2d. =£4 0 O, ans.
2d, 4801lbs.at33d. = 7 0 0
3d. 4801bs.at 7}d. =14 10 O
4th. 480 1bs.at 1s.6d. = 36 0 0
5th. 480 Ibs-atls.74d.= 39 0 0
6th., 4801bs.at2s.6d. = 60 0 O

20. When the quantity is 960—

Reckon a pound for every farthing in the price; or
4 times the pence will be the answer in pounds-
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Ezamples.
lst. 960 yardsat 1d. = £4 0 O0,ans.
“2d. 960 yardsatlid. = 60 0
3d, 960 yards at 23d. = 11 00

4th, 960 yardsat 74d. = 29 0 0
5th, 960 yardsatls.8d. = 80 0 0
6th. 960.yards at 2s.44d. =113 0 0

FINIS,

J.and C, Adlard, Printers, Bartholomew Close.















